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A BRIEF ACCOUNT OF THE HISTORICAL DEVELOPMENT OF 
PSEUDOSPHERICAL SURFACES FROM 1827 TO 1887 



THE APPLICATION OF ONE PSEUDOSPHERICAL SURFACE UPON 
ANOTHER AND THE GEOMETRY OP THESE SURFACES. 



1. The definition of pseudospherical s 

2. The definition of total curvature according to Gauss. 

8. The application of surfaces with constant curvature upon one another. 

4. The pseudospherical aurfeees of rotation and the helicoidal surface. 

5. Euneper's surfaces. 

6. Asymptotic lines on a pseudospherical surface, 

7. The identification of the non-Euclidean geometry with pseudospherical geometry. 

8. The projections of a pseudospherical surface upon a plane analogous to the central 

and stereographie projection of a sphere ou a plane. 

9. The identification of pseudospherical geometry with the metrical geometry of 

Cayley. 

n. 

THE SURFACE OF CENTERS AND THE TRANSFORMATION OF ONE 
PSEUDOSPHERICAL SURFACE INTO ANOTHER. 

1. The theorem of transformation. 

2. Kummer'a theory of congruences. 

3. Weingarten's two theorems on surfaces whose radii of curvature are functionally 

related. 

4. Ribaucour's cyclic system of surfaces. 

5. Biaiichi's complementary transformation. 

6. Geodesic lines on the aurfaoe of centers. 

7. Lie's transformation. 

8. Backlund's transformatiou. 

9. Darboux's equations for Bianchi'a and Eaeklund's transformation. 

10. The triply orthogonal system of surfaces. 
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152. Oosserat, E., Sur des congraeuces rectilignes et sur le problfeme de Ribaucour. 

C. R., CXVIII., 1894. 

153. Genty, E., Sor les surfaces k courbure totals constante. S. M. F. Bull., XXII., 

1894. 

154. Wangerin, A., Ueber die Abwickelung von Flachen constanten Kriimmungsmasses 

sowie einiger anderer Flachen auf einander. Festschift d. Univ. Halle 
1894. 
156. VoBS, A., Ueber isometrische Flachen. Math. Ann., XLVL, 1895. 

156. Filbi, C, Sulle supei-fleie cbe, da un doppio sistema di traiettorie isogonali sotto 

uu angelo costaute delle liuee di curvatura, sono divise in parallelogrammi 
iutinitesimi eqiiivalenti. Rom. Ace. L. Rend., IVj., 1895. 

157. Busse, F., Ueber diejenige prmktweise eindeutige Beziehung zweier Flaehen- 

stiicke auf einander, bei welcher jeder geodatischen Liuie des einen eine Linie 
constanter geodatischer Kriimmung dea anderan entepricht. Berl,-Ber. 

158. Ueber eine specielle couforme Abbildung der Flachen constanten Krum- 

mungsmasses auf die Ebene. 1896. 

159. Darboux, G., Lejons surlatb^orieg^nSrale des surfaces. Bd. I. -IV., 1887-1896. 

160. BiancM, L., Lezioni di geometria differenziale. Gott., 1894. 

161. Genty, E., Sur la deformation infinitSsimale des surfaces. Toulouse Ann., IX., 

1896. 

162. Goursat, E., Sur les lignes asyraptotiques. G. R., CXXII., 1896. 
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163. Calinon, A., Le tlieorfeinc de Gauss snr la coui-bure. Noiw. Ann., 13, 1895. 

164. Weingarten, J., Siir la deformation des surfaces. Jour, de Math. (5), 1896. 

165. Bianchi, Nuove ricerclie sulIa superflcie pseudo sferiche. Annali di Mat., 24, 

1896. 

166. Sopra una classe die superflcie collegate alle superflcie pseudo sferiche. 

Rom. Accad. Lin. (5), 5, 1896. 

167. Klein, F., Lie's Transformation. Math. Ann., 50, 1897. 

168. P. Stackelnnd Fr. Engel, Gausa, die beiden Bolyai und die Nicht-Euklidische 

Geometric. Math. Ann., 49, 1897. 

169. Bukreiew, Flachenelement der Flache constanter Kriimmung. Kiew Univ. 

Nachr, No. 7, 1897. 

170. Voss, A., Ueber inflnitesimalen Fliichen Deformatioaeu. Beutache Math., Vol. 4, 

1896. 

171. Zur Theorie der inflnitesimalen Biegungdeformationen einer Flaehe. 

MiJnch Ber., 27, 1897. 

173. Bianehi, L., Sur deux classes de aurfaces qui engendrent par un movement heli- 

coidal une famille de Lam6. Touloua Ann., 11, 1898. 
17S. Darboux, 0., Le§ons aur les systSmes orthogonaux et les coordin^es curvilignes. 
Paris, 1898. 

174. Guicliard, 0., Sur lea surfaces k courbure totale constante. C. R., 126. 

175. . . Sur lea aystfemee orthogonauz et lea syst&mes cycliques. Ann. de I'Ec. 

Som. (3), 15, 1898. 

176. Carda, K., Zur Geometric auf Flacheu conatanter KiTimmuug. Wcin Ber., 107, 

1898. 

177. Metzler, Q. F., Surfaces of rotation with eouatant measure of curvature. Am. J. 

of Math., 20, 1898. 

178. Tzitaeia, Sur lea surfaces a courbure totale constants. C. R., 128, 1898. 

179. Darboux, G., Sur la transformation de M. Lie et les surfaces enveloppfiea de 

aphferes. Darboux Bull. (2), 1897. 

180. Kommerell, V.jBemerkungzurden asymptotenlinien. BoklenMath. (2), 2, 1900. 

181. Waelsoh, E., tleber Flachen mit sphariachen oder ebenen Krummujigsliuieii. 

Hobcschule Eriinn, 133, 1899. 

182. Hilbert, D., Ueber Flachen von constanter Gaussichcr Krummung. Trans, Am. 

Math. Soc. (2), 1, 1901. 

183. Zuiilke, P., Ueber die geodatiachen linicn und Dreiecke auf den Flachen Con- 

stanten Krummtmgsmasaea und ihre Beziehuag zur die sogenannten nicht- 
Euclidischen geometrie. Charlottenburg, 1902. 

NoTJE. The above list of books ia baaed upon the one given by Buase at the end of 
his essay entitled " Ueber eine speeielie cmtforme AhUldung der Flachen eonstanlen 
Krummungsmasses auf die Ebene.'"^'' 

In the following pagea the notation of the various authora quoted has been trans- 
lated into the notation used by Bianchi in his book entitled, Lezioni di geometria differ- 
enxiale,'''' since the difiference in the notation used by the different writers is not of 
special interest. 

A list of some of Bianchi's formulas is added at the end of this paper. 
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THE APPLICATION OF ONE PSEUDOSPHERICAL SURFACE 
UPON ANOTHER AND THE GEOMETRY OF THE 

SURFACES. . 

1. Surfaces whose measure of curvature at every point is constant and nega- 
tive were called pseudospherical surfaces by Beltrami in 1868, in order, as he 
said, "to avoid circumlocution," Since, therefore, the definition of these surfaces 
depends upon the definition of the measure of curvature itself, their history 
may be considered as conunencing in 1827, when Gauss ^ in his great memoir 
entitled " Disquisitiones generales circa superficies curvas " established the idea 
of curvature as it is understood today. 

2. In this famous paper Gauss borrowed from the astronomers the notion 
of spherical representation and established a point-to-point correspondence 
between a curved surface and a sphere of unit radius. He supposed a ra- 
dius of the sphere to be drawn parallel to the assumed positive direction of 
the normal to the curved surface at a point P^ and the extremity of the 
radius to be a point p corresponding to P of the surface. He defined the 
total curvature of a part of the surface enclosed within certain limits as 
the area of the figure on the sphere corresponding to it, and distinguished 
this curvature from the very important notion of the measure of curvature of 
the surface at a point, which is sometimes also called total curvature. This last 
is defined as the quotient of the total curvature of the surface element at the 
point by the area of the surface element, or in other words, " the ratio of the 
infinitely small areas that correspond to one another on the curved surface and 
on the sphere." He remarked further that " the position of a figure on the 
sphere can be either similar to the position of the corresponding figure on the 
curved surface or the inverse." When the jwsition of two corresponding fig- 
ures, the one on the surface, the other on the sphere, is similar, he called the 
curved surface a convexo-convex surface, or a surface with positive curvature. 
When the position of the figure is inverse to that of the figure on the surface he 
called the surface a concavo-convex surface or a siu'face with negative curvature. 

Gauss introduced various analytic expressions for this measure of curvature at 
a point which he denoted by K, among others, using a general parametric repre- 
sentation of a surface through the parameters m, v, he found that 

EG- F" 
where 7), D\ D\ E, F and G, functions of u and v, are the eoeflieients of 



y Google 



10 K. M. CODDINGTON. 

the first and second fundamental differential expressions of tlie surface, the one 
for the square of the linear element 

lU' = EtM + 2Fdudv + (?«fo',* 
the other 

- 'S.dxdX= Ddw' + ^D'dudv + D'di?, 
where X, i', Z are the direction cosines of a uormal to the surface at a point 
X, y, s. 

When he chose as a special system of parametric lines a family of geodesic 
lines and their orthogonal trajectories, he showed that E becomes a function of 
V, alone and F vanishes, so that the expression for the line element assumes the 
form 

ds^ = du^ + Gdv^, 
and he couid derive for the curvature a simple corresponding form 

_ 1 ffll/g 

VG 9u' ■ 

In particular he observed that if the system is a geodesic polar system in 

which the ^-curves proceed from a point and v is the angle that each geodesic 

v-curve makes with an arbitrary hut fixed i!-curve and u is the arc-length of 

each geodesic from the point, then (? is a function which satisfies the equations 



(.-.)„ = o. i^^-l^^i. 



and that if the w-curves form a geodesic parallel system, that is, if the v geo- 
desies are orthogonal to a geodesic curve w ^ and m is as before the arc-length 
along the V curves from w = and the arc-length v is measured on the curve 
w ^ from some fixed point, the function G satisfies the equations 

Lastly he wrote 

where the surface is represented by 

and p, q, r, s, t have their usual meaning as the partial derivatives of z with 
t to X and y. 



^=K£)'' 



BX dx ^.BX dx 
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The measure of eurvature at a point as defined by Gauss has now been 
adopted as the standard definition and called the Gaussian measure of eurvature 
or total eurvature. Both before and after the time of Gauss various definitions 
of curvature of a surface had been advanced by Euler, Meusnier, Monge and 
Dupin, but these definitions have not recommended themselves and are now 
almost forgotten. 

Gauss did not write directly on the subject of pseudospherical surfaces, but 
in his memoir just quoted he published two important discoveries which were 
afterwards easily applied to the special case of these surfaces. To Gauss is 
due the celebrated theorem on the total eurvature, (curvatura integra), of a geo- 
desic triangle, for making use of the geodesic polar system he found that the 
total curvature of a triangle whose angles are jL, B , C is 
A^ B+C-1T 

which is negative for surfaces of negative curvature and positive for surfaces of 
positive curvature. An immediate inference from this and what may be 
regarded as the first theorem in the geometry of pseudospherical surfaces is 
that the area of a geodesic triangle on one of these surfaces is proportional to 
its spherical deficiency. This theorem was proved by Bertrami in 1868.* 

3. Gauss also established the well-known theorem that IK is an invariant of 
bending, that is, any disturbing of the shape of the surface which does not 
involve stretching or crushing, leaves the value of IK at any point unaltered. 
Thus if one surface is applicable upon another the measure of curvature at cor- 
responding points of the two surfaces is the same. It was this invariant character 
of K that first gave interest to the study of surfaces of constant curvature. 
Gauss himself made no study of them, but Minding^ in a paper of 1839, of 
which more will shortly be said, discussed the sufficiency of Gauss' theorem for 
the applicability of one surface upon another, and established that for surfaces 
of constant curvature, and for these only, is Gauss' theorem a sufficient as well 
as a necessary condition. 

In a previous paper in 1830 he had integrated the Gaussian equation 

assuming ^to be constant, and had obtained the expression for the linear ele- 
- K 



d&^ = du^ + ^ >-^ — i-J- dv^ . 



When about to apply one surface upon another he accoidingly wrote for the 
expressions for their linear elements 
^~*Page 37. 
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\ VK ) 

ds' = du' + { -■ ■■ ■ ,- — 1 dv' , 

in which the primes indicate the elements with reference to the second surface. 
The analytical condition of applicability 

ds = ds' 
he satisfied by pntting 

u = u', V = a + v' 

where a may have any value from zero to infinity. The fu-st equation shows 
that any point on the first surface may be made to correspond with any point on 
the second surface and the second equation that any geodesic curve on the first 
surface proceeding from the point may be made to correspond with any geodesic 
curve on the second surface proceeding from a corresponding point. Thus the 
surfaces are applicable upon each other in co^ ways, or to quote Minding, " One 
can place two arbitrary points of the one upon two arbitrary points of the other, 
provided that the lengths of the shortest lines upon the surface between the 
pairs of points are equal to each other." 

Becoming interested in the study of surfaces of constant curvature Minding" 
proceeded to determine some of these surfaces. When the surface is assumed 
to be of the form of z =f{x, y), the differential equation of his problem is 

dx'df~\ dxdy } 

[-(£y-(i)T^ ' 

where T\^^ a constant. 

" This integration," he said, " has never been effected up to the present time 
except for _ff'= 0." Clianging the form of the equation by writing x^r cos i^ 
and J/ — 5- sin i/r in the place of a; and y, he attempted its solution only for the 
special case 

—■- = h ( 7i ^ il constant ) . 

A first integration gave him 



i, = Mi.±[^^^^lJ^ir (X 



coiistaut o( iiitegr 



For surfaces of constant negative curvature he first put a^ = in this equation 
of s and retained h ; then he let h vanish and «' remain. When the first condi- 
tion is fulfilled, he said, "tlie equation for z repi'esents a curve which generates 
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the auiface in the same way as the straight line generates the helicoidal surface 
namely, by a levoliition about the axis of a while at the same time all its points 
have a common motion parallel with 2." This surface was afterwards investi- 
gated by Dini ^* ' and called the Dini helicoidal surface. When the second 
condition exiata, Minding found that the surface becomes a surface of rotation 
and the s oui\es become its meridian lines. He discovered three types of these 
sulfates, those foi which -7- has a positive value, those for which it has a neg- 
ative value and those foi whieli it is equal to zero. It was probably bis 
oiiginal expression foi the linear element 



,„ ,„ /sinfMi/jnV. 



V'K 
or 

ds^ = dii? -j- siiih^ Wu^ {K= — l) 

that suggested to him the expedient of putting r = sinh 1^ in the eyuation for z 
when «■ is positive, so that 

s = J ± ( 1/1 — ffl- "sinh^ ) d^ , 

while for a negative value for a^ he naturally introduced the analogous expres- 

s = / =h { i/r^ffl= cosh^0 ) d<p , 

Finally, when u^ = , he put 

)■ = — , — , , z = (b — tanh 4>. 

cosh (f> 

This last equation for s shows that it represents a traetrix but Minding did not 

call the curve by its name, although he remarked " that it approaches the axis of 

rotation asymptotically." He drew pictures of the meridian curves of these three 

types and the plates appear at the end of his article in Crelle's Journal, 

In this way he obtained two classes of pseudospherical surfaces, — the helicoidal 

surfaces and the three types of surfaces of rotation. 

Knowing that all the three forms of surfaces of rotation of curvature —1 

corresponding to the three types of the meridian curves are deformable into 

each other, he^ wished to bring their linear element into the same form 

ds' — dii^ + sinh^i«Zf^. 

He perceived that this could be easily accomplished for surfaces of the first kind 
but that for those of the second or third kind it is necessary to find for the para^ 
metric lines a system of geodesic lines that go out from the same point. He 
developed a general expression for the linear element of a pseudospherical 
surface 
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ds'^ ={v'' + h'' — a' ) cU- + -r^if^-^ ^'^\ 
by writing first 

ds^ = dx^ + dy"- + dz- = dr + r-d^'^+ lul-^ + ( aIv^^^-; — -^— ! ) (^'- , 
and then putting 

and 

w — r^ -|- «". 

Tlie nest year Jie worked out a set of equations for transforming this general 
expression for the linear element into the one referred to a geodesic polar system 

ds^ — d<!^ + sinh" adQ^'. 

Taking two points corresponding to coordinates {t, if), ((', d') of the same sys- 
tem and denoting the length of the geodesic line which connects them by o- and 
the angle which this line makes with the curve w =^ a constant by fi, he stated 
that the variables «, i, <t, 6 are related by the equations 



ill' etn 6 — 6Hani(( — i') cos Biy^o'^ — h^)- [v' + tanho- sin^- "/(u'^— J^)] 

h + v' etn e ■ tan b{t~ t") ~ sin 6{Vv'^ - b"-) + v' tanh <r 

and 

V — sinh o- sin $ ■ Vv" — S^ + v' cosh cr 
where 

h- = a' — h^^O and /t=0 
and that these become 

V ■ (i — t' ) =^ sinh □- cos 6, 

V = v' {cosh a + sinh <7 sin d) 
when S = 0, 

He did not formally stat« the conclusion of this argument that the two sets 
of eoiirdinates v, t and <r, $ may be regarded as lying on two different surfaces 
and that then these equations, instead of changing the expression for the linear 
element of one sui-face only into a slightly different form, will actually transform 
one surface into another, and tliat, if the first surface is supposed to be a surface 
of rotation for which i = a constant and v = s. constant are the meridian curves 
and the parallels respectively, the surface will be one of the three types of which 
he spoke in his earlier paper aceoi'ding as to whether 

so that the above equations will then transform a sui'face of one of those three 
types into one of the first type. 
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Eleven years after the pu-blication of Mindiiig's paper on the applicability of 
surfaces, Liouvilie '" in the fourth note to his edition of Monge's work on the 
" Application of Analysis to Geometry " sought to solve the same problem, 
whether the faet that two surfaces have the same measure of curvature at cor- 
responding points is a sufficient as well as a necessary condition for the deforma- 
bility of one into the other. His investigations led him to criteria of applicability 
equivalent to Minding's. No reference is made to Minding's paper, but the 
methods used differ fi'om that writer's. As Liouville had employed in the gen- 
eral discussion curves of constant measure of curvature as a part of his coordi- 
nate system the results could not be extended immediately to surfaces of constant 
curvature, he therefore made a separate study of these surfaces. No new 
theorems were developed, but the work has special interest in that he employed 
isothermal and minimal curves and made use of a new form for the expression 
for curvature. Taking the linear element in the form 

ds^ = \{da? + dQ"-) or ds^ = X(diidv) 

and wilting 

he obtained a corresponding expression for total curvature 

<^' log ^ _ \^Q 

8v,dv 2a^ ' 
which is a differential equation for the determination of X for A'^ constant and 
equal to — l/«^, and whose resulting integral * is 

where 2^ is tlie sum of a function of u and a function of v, and 2t is the dif- 
ference. 

His corresponding expression for the square of the linear element is 

which he reduced to the still simpler form, 

, ., crdr- , ,^„ 

ds^ = -,--,-5 7, + r-dd^ , 

* N. B. Liouville first considered the qnestioc of the converse of the theorem of Gauss in a 
paper pahiished in the Journal de Math^matiques, Paris, vol. 12 The question was taken 
up and further developed by BaRTRAKD, PtnsSEUX and Diguet reipeotively in papers pub- 
liahed in vol. 13 of the same Jonmal. Liouville quoted these writers in the new edition of 
his paper which appeared as Note IV in the Appendix to Mohge s Apphealiait (le I' Analysis h 
la Gkimetrie, and in this note first developed the formula for the pseudosphere In ■% third paper, 
very brief in length, published in the Journal de Mathfimatiques \ol l"' he gave the 
complete details of the integration of the equation. 
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'(1 + .»")■ 

and decomposing the equation into two real eqnations, lie reduced it to 

d,s^ = ^i ( di.o" + dr^ ) . 

Tlie same expression results when, in addition to the constant IT, constants (/ 
and h are introduced in putting 

1 _ eS-<'+'')* 
^o + ($ + ;/)i = A-- j--p^^_-f7.r..>- ■ 

In this manner he established Minding's theorem that surfaces of the same 
curvature are applicable upon one another in oo* of ways. The simplest surface 
of constant negative curvature upon which all the surfaces of the same curvature 
are applicable he found to bo the surface generated by the tractrix revolving 
about its asymptote. 

Codazzi "* was the next mathematician after Liouville to make a study of 
pseudoapherical surfaces. He was the first to derive the expression for the linear 
element of the surface referred to a geodesic parallel system in the form 

ds^ ^ di^ + cosh^ udv^. 

He integrated Gauss' expression for curvature 

with the conditions that 

where p is the radius of geodesic curvature of v, = 0, and obtained 

l/6r = cosh IS — - sinh u. 
P 

When M = is a curve of constant geodesic curvature, 1/p = 0, a hypothesis 
that he makes in connection with surfaces of revolutioJi and the formula for 
ds^ follows. 

His chief contribution to the Hubject was to tlie pseudospherical trigonometry. 
He developed Minding's formula for showing the relation between the sides and 
angles of a geodesic triangle 

cosh a = cosh h cosh c — sinh h sinh c cos A , 
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and also the well known formula 

sinh a sinb h sinli c 
sin A ~ sm B "sin C" 

both of which are analogous to those of spherical trigonometry. 

Choosing for his coordinates a geodesic polar system and writing the expres- 
sion for the linear element in the form 

ds^ = dv? + sinV udii^, 

he took for his triangle the area bounded by two geodesic lines going out from 
the origin, ^ = and ^ = a constant, and by a third geodesic line making an 
angle TT — /3 with u = at a distance a from the origin and an angle with 
V = & constant. He then integrated Gauss' equation for a geodesic line which 
makes an angle 6 with any parametric geodesic line « = a constant, 

dd + -^^~-dv^O. 
on 

By means of his equation for the linear element and the equation for cos 5, 

cfa 

COS P = - , , 

as 

he found that Gauss' equation becomes 

ctnh u du + ctn OdO = 

so that sinh m sin fl = « constant — sinh a sin /3. He was then able to transform 
the equation for dO into 

, sinh ii,du 

ds = . -- =--^ 

l/cosV ti — ( sinh^ a sin^ /3 + 1 } 

which, when iiitegi'ated, gives 

cosh )( — cosh a cosh n — sinli a sinh s cos /3, 

where u, a and a are the are-lengths that form the sides of the triangle and ^ 
is the angle opposite the side u. 

4. Dini ^^' '■'*' ^^' ^ was acquainted with the work of Minding and in the years 
1865 and 1866 he wrote four papers in which among other things he developed 
more fully the subjects touched upon by the earlier mathematicians, the equation 
transforming a pseudospherical surface of rotation of one of the three types into 
that of another and the determination of the form of a helicoidal surface with 
constant negative curvature. 

His method of finding the linear element-' of a surface of rotation with con- 
stant curvature as it is set forth in his second paper is perhaps simpler than 
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that of his predecessors. Taking the differential equation for the length of the 
radius of curvature of a meridian curve at a certain point, and the one for the 
length of the normal between the same point on the curve and the axis of the 
revohition, he found the eqnation for the total curvature — 1 r/' to be 

dz tpz 

7fr' W 1 



v^my 



k_ rir- 




which, when integrated, becomes 

d: 
fh 

where r is the radius of the parallel circle, a is the axis of revolution, s = <f>[r) 
is the equation of the meridian curve and ? is a constant of integration. He 
gave to I the three values successively 

a', 0, - a\ 

and thus found three forms for the meridian curve, 

(1) 

(2) 

ami three corresponding forms for the linear elemant 

(1 ) ds^ = du^ + c!^ sinh^ - dv^ , 

(2) ds^ = du- + ^h^''" dv\ 

(3) ds' = du^ + a? eosh^ - au', 

where it and v represent the parallel and meridian curves respectively. "The 
surfaces (1), (2) and (3)," he said, " are the only surfaces of revolution with con- 
stant negative curvature. They may be applied one on the other, but as we 
shall see they constitute as to their application three classes of sharply distinct 
surfaces. The second of these classes (^ = 0) is made up of a single surface, 
the surface which has for its meridian the curve with tangents of constant length. 
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Y considered by Liouville and it seizes is ■) tnnsition fiom sulfites 
of the first class to those of the tlurd 

In the special ease when o;^ = a^ he called the fit '■t surface 'the mi'iginary 
sphere," a surface which was afterwirds studied by Beltrami*" and Cijlej * 

Dini nest took up the problem o£ the ipplication of these suifoces upon one 
another. He remarked that if in applying one suiface upon a seuond the 
meridian curves of the two coincide both surfaces must be of the same type 
He then proceeded to examine the nature of the cmves on the dcfoimed suifa<'e 
into which the meridian curves of the original suifice pass when the two sur 
faces are of different types. Foi this puipose he fiist sought the equations 
which transform a surface of the fiist oi third type into a p&eudospheie 

When a surface of the first tj pe is applied upon one of the second he put 
r^ja for sinh (^u/a), for by means of this substitution the Imeai element of the 
first surface becomes 

, .. «"<^^' 

as- — -J , + ri di3 . 

a form given by Liouville for the pseudosphere, and the meridian curves and 
the parallel circles go over into a family of geodesies meeting at a point and 
their orthogonal trajectories. He found that the deformation of a surface of 
the third type into a pseudosphere is more complicated. In his first paper ^^' "■ *^ 
he had developed the important theorem that a surface that possesses a system 
of geodesies intersected at equal distances by curves each of which meets the 
geodesies at the same constant angle, not a right angle, and varying by a fixed 
law for each curve, is either a surface of rotation or applicable upon one. He 
transformed a surface with constant curvature referred to such a system of geo- 
desies and their trajectories for parameters into a surface of rotation by two 
methods. By the application of the first method the trajectories of the geode- 
sies on the first surface pass over into parallel circles on the surface of rotation 
and the family of curves that cut the trajectories orthogonally become its me- 
ridian curves. He found not only the equations for this transformation but 
also those for the reverse operation, ^' "■ '' for deforming a surface of rotation in 
such a way that its parallels go over into a system of trajectories intersecting 
equal lengths on a family of geodesic lines. 

On the other hand, when he deformed the geodesic lines on his original sur- 
face into the meridians of a surface of rotation, the trajectories became loxo- 
dromes. He found that this last transformation leads to but one surface of 
rotation, the pseudosphere, and he introduced in this connection for its linear 
element the now well known expression ^' "■ '" 

cU^ = dxt^ + ^"dv^, 
which did not appear in any of the papers previously discussed. 

* P. 40. 
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It was probably this last result that suggested to him s*. p-^^^ transforming a 
pseudo spherical surface of rotation of the third type whose linear element is 

ds^ = du^ + a^ cosh^ — dv'' 
a 

into a pseudosphere whose linear element is 
by means of the equations 



" +™ 



/" di!. 

J acosh — sinh- 

log sinh — = — ' 



He found that the parallels of the first surface pass over into loxodromes on 
the pseudosphere and that the meridians of the first surface pass into the ortho- 
gonal trajectories of these loxodromes. He proved that the cosine of the angle 
at which these loxodromes meet the meridian curves is equal to cosh uja, that 
they possess a constant geodesic curvature and that their orthogonal trajectories 
are geodesic lines. 

He remarked that the intermediate surface, obtained by using the first equa- 
tion of transformation only, is the screw surface of constant negative curvature 
whose helices correspond to the loxodromes of the pseudosphere. 

Dini^ was very much interested in surfaces of this nature, to which he devoted 
one paper exclusively in 1866, but before taking up the examination of its con- 
tents a digression will here be made for the consideration of contributions of 
Eianchi and Beltrami to Dini's other theorems. Bianchi ''' introduced a general 
method for transforming a surface of rotation of any of the three types into a 



Instead of choosing a new system of geodesies on the original surface and 
then actually bending it untd these curves become the meridians of the new sur- 
face, Bianchi followed Liouville's suggestion and used minimal lines for parame- 
ters, BO that, when the surface is bent, the lines of reference remain the same. 

Referring both surfaces to minimal lines he denoted the linear element of the 
surface which he wished to deform by 

ds^ = -, ,, dxdy,^ 

(» + yf ^' 

and changed the expression for the h'near element of the pseudosphere. 
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ds' = (^M^ + G^ dv", 

into 

t^s^ = 7 T^TTi dadB, 

(« + P)' 

where — IjA^ is the total curvature of both surfaces. 
His equations of transformation were then 

a =^ i + C, yS = -, — C (a, i nuA r are constants), 

«x + ay — 

and by writing for a and their values in terms of u and v and for x and y 
their values in terms of w and v, the parallel and meridian curves of the surface 
to be deformed, he found three sets of equations for transforming a surface of 
the first, second and third type respectively into a pseudosphere : 

v^e " = u sinh - sin v, 

(1) 

e" = 7? ( sinh — eos v + eosb - I ■ 



(2) 



u^ = a log eosli — -\- av 
(3) 

' a 

The first of these sets of equations is the same as the one given by Minding,* 
if in the iatter the point (1, 0) he chosen for the point («, (). The third set is 
identical with Diiii's, for expressed in the same notation Dini's equations become 

D = log tanh u — log iij, Mj + log v^ — log sinh «/, 

and when one is subtracted from the other, 

Mi =r log cosh u + V. 
The validity of transforming the general expression for the linear element 
ds^ = Edx^ + '^Fdu dv + G'M 
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into till! foi'iii in terms of tlie conjugate complex variables 9 and $^ 



dB ■ de,. 

{jc = curvature) 



Ti^^"")" 



was investigated by "Weingarten " three years later. He decided that such a 
transformation is permissible for surfaces of constant curvature, and that then 
the reciprocal of the differential quotient dBjdu must satisfy two partial dif- 
ferential equations. 

The geometrical interpretation of the difference in the value of the constant 
in the equation for the meridian curve of the three types of surfaces of rotation 
was clearly determined by Beltrami.'^ The early papers of this mathematician 
on the subject of pseudospherical surfaces were contemporaneous with those of 
Dini and both appeared side by side in. the Italian journals during the years 
1864 and 1865. 

Beltrami ^° wrote a long treatise on the general theory of surfaces in which 
he considered in pai'ticular geodesic curvature, evolnte and involute surfaces and 
differential parameters. He applied the various theorems that he obtained to 
the special case of pseudospherical surfaces, all of which theorems will be dis- 
cussed in detail in the chapter on Evolute Sui-faees and the Transformation 
Theory. In the same year that this treatise appeared Beltrami ^' published a 
paper devoted entirely to the pseudosphere in which he investigated its geo- 
metrical properties. 

He gave a geometrical proof of Dini's statement that the second class of 
pseudospherical surfaces of rotation is composed of a single surface, which is 
equivalent to saying that the pseudosphere is always bent into a pseudosphere, 
that is, it is identical with itself, if bent when the meridians are retained as 
meridians. He first showed that the radius of geodesic curvature of every 
pai'allel of a pseudosphere, being equal to the length of the tangent to the 
meridian curve between its point of tangency and the axis of revolution, is a con- 
stant R where ~1/S^ is the total curvature of the surface. Having proved 
that geodesic curvature is an invariant of bending, he then observed that, when 
the pseudosphere is so deformed that its meridian curves remain meridian curves, 
the radius of a geodesic curvature of every parallel circle of the deformed surface 
is S, that its meridians arc therefore curves with tangents of constant length, 
and that they must therefore be identical in form with the meridians of the 
original surface, since to one value for the tangent length there corresponds but 
one tractrix. 

He also showed, at this time, that the area and volume of a pseudosphere are 
equal to those of a sphere with the same numei'ical value of curvature, thus 
making an analogy between the simplest foi-ms of surfaces of rotation with con- 
stant positive curvature and constant negative curvature. 
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Beltrami's^ moat important paper in regard to surfaces with constant nega- 
tive curvature was published in 1868, under the title of an E»say on the Inter- 
pretation of the Non^Euclidean Geometry. Nothing written on the subject 
since Minding's^ paper in 1839 can be compared in importance with this cele 
brated memoir by Beltrami, in which for the first time was made clear the 
relation of paeudospherical geometrj to the general theory of geometry. The 
contents of Beltrami's paper will be given later : here attention only will be 
called to the fact that, although the greater part of the essay is devoted to the 
demonstration of geometrical propositions, yet it contains a proof of bis discovery 
that the difference in the expression for the linear element of the surface of rota- 
tion results from the difference in the nature of the parallel circles chosen for 
one system of parameters, that the centers of those circles may be real finite 
points, points at infinity or imaguiary points, and that consequently the corre- 
sponding surface will be of the first, second or third form given by Dini. 

To return to the development of the helicoidal surface with constant negative 
curvature it will be remembered that Dini"'' "' made a special study of this sur- 
face. He fir&t communicated bis re'*ults to the French Academy in 1865, and 
there statetl that the surface is generated by a traetrix moving along a helix 
that lies on a cylinder. Kecalling Bour's^^ Theorem, that helicoidal surfaces are 
applicable upon surfaces of rotation, he divided them into two classes, according 
to whether they are applicable upon a sphere or a pseudosph erica! surface. He 
used the oidinarj expressions for a point on a helicoidal surface, 

a; = M cos w , y = usm.v, z — mv + <j> (ii) 
where m multiplied by Stt is the rise of the helix and ^{"u) is a function that 
determines the form of the generating profile. He found that this generating 
profile 0(i^) must satisfy the differential equation 

" + '" + '* U, J = A-m^ + iTV-l '""-^ '"""'"''^' 
in the case of surfaces of negative constant curvature — Ija^. This he reduced to 



^(S)>«-- 



by putting Ijm^ for IC^. 

Since the left liand member of this last equation is the square of the length 
of the tangent to the generating curve between the axis of revolution and its 
point of contact and the right hand member is a constant, Dini thus obtained 
an infinity of new helicoidal surfaces of negative curvature — 1/ffl^, each cor- 
responding to a value of m and generated by a traetrix of tangent length 
z/a^ — n^ moving about a cylinder and all developable upon the same 
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5, Up to 1868 the only surfaces of constant negative curvatiire that had been 
determined and studied were surfaces of rotation and helicoidal surfaces. To 
these were added a new group of surfaces by Enneper'^'''^ in 1868. In a 
memoir written in that year he determined all the surfaces of constant curva- 
ture, one of whose families of lines of curvature is composed of plane curves or 
of spherical curves. As he showed, the presence of a system of plane lines of 
curvature on a surface of constant curvature requires that the second system of 
lines of ourvatiire should be spherical, and conversely, moreover, the planes of 
the one system meet in a straight line and the centers of the spheres of the other 
systems He on that line. The surfaces possessing these cliaracteri sties, whether 
of positive or negative constant curvature, have since been called Enneper's 
surfaces. 

The determination of surfaces with either plane or spherical lines of curva^ 
ture had already been attacked by Joachimsthal, Bonnet ami Herret, and Bonnet^ 
in particular examined surfaces for which the lines of curvature of the one 
family are plane and those of the other family are spherical, and showed that 
for surfaces of rotation " the lines of the one system are in planes all of which 
pass through the same straight line and the centres of the spheres on which are 
traced the spherical lines of curvature can lie on a right line." 

Enneper considered surfaces of constant curvature not of rotation and set 

^l 1 

assuming u and v as the parameters of the lines of curvature of which m = a 
constant are the plane lines of curvature and Ji^ and li^ are the principal radii 
of curvature. Putting 

1 11-t 1 ll+( 



(1) 



£:] g 1 + t' M.^ (J 1 -~ t' 



and employing the equations 

dv R\ ~ R^ 8v ' du R^ ~ R^ du ' 
he obtained the following equation in t 

d- tan~' ( d tan"' t 1 — i' 1 

and the equations for E and G, 

^ 1 1+t —11-t 

Denoting by cr the angle the plane m = a constant makes with the surface, since 
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R^B^ 8 (VG\ , n ,- , , 

(4) —^^——^ --r -T=r- I = — ctn cr — a tunction or u alone, 

he substituted the new variable 

u, = - i ctn <Tdu . 

He obtained from (1), (3) and (4) a differential equation for (. Integrating 
this equation and substituting the value thus obtained for t in equation (2), he 
differentiated the resulting equation twice with respect to u and arrived at a 
differential equation for v. The integral of this equation 

-.--J- = A cosh 2wi + B sinh 1u^ + C, 

contains three arbitrary constants. The form of the surface depends upon the 
value of these constants and the relation that exists between them. 

Enneper concluded there was no loss of generality, in putting i? = , and 
investigated accordingly. Later Kuen'^ showed that thereby a class of surfaces 
was overlooked. 

After considerable reductions in which the two equations, 

-,— I = C — j4 cosh 2ii, (fc=tiiQction ot^alone), 

dv ; ' 



( du, y 



C + A cosh 2m, - 1 , 



formed a chief element, he proved that the planes of the lines of curvature u = 
a constant meet in a straight line, and that the lines of curvature v = s. constant 
lie on spheres that cut the surface orthogonally and whose centers lie on the 
straight line. 

In choosing the fixed line as the axis of s and representing by the angle 
between the intersection of the plane with the xy plane and the axis of x, he 
defined the surface by the following three equations, 



^'"'™ '' + !"■» »'^» = -c«M 


"l + Ol)' 


- r(a-^cosh2tiJ<7« — (/tanh(M, + B, 


) d, - sin" , 


lere if) satisfies the equation 
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A. dehiled 3tudj of Enneper s surfaces was made by Bockwoldt ^' in 1874 
for suiface'- of constant positive curvature and by Lenz ^ in 1879 for surfaces 
of constant negative mi^atiire m which the coordinates of points on the surface 
are expiessed in elliptic functions of the two parameters. 

There is one caae ind it naa considered by Enneper in which the surface is 
expiessed thiou^h the elementary functions, namely, when a- is constant and B 
as befoie is zeio He then ti k 

sin 0- 
and the equation of the surface becomes 



!/ cos 17 taii~' — \- V g" sin^ < 



\g ama — V g^ sin' a — x' — y^ / 

au equation which shows that the surface is generated by a tractrix whose ver- 
tex describes a helix on a right circular cylinder. This is Dini's helicoidal sur- 
face and it is thus found to occupy a special position in the Enneper's surfaces. 

Kuen** in an interesting paper in 1884 set forth in a clear light the relations 
between the surfaces determined by Enneper and those which could be derived 
from the three surfaces of rotation by Bianchi's method for deriving one pseudo- 
spherical surface from another when the geodesic curves with reference to which 
they are derived meet at a point at infiuity.* 

6. Geodesic lines and their orthogonal trajectories were the onlj emves con 
sidered on pseudospherical surfaces until 1870 when Enneper" began to wiite 
on asymptotic curves. Since real asymptotic curves cannot exi'-t except ou sui 
faces of negative curvature, Enneper began his in; estigitiont on the lubject for 
these surfaces only, afterwards supposing the curvature to be constant as well 
as negative. Asymptotic curves on pseudosphencil surfaces possess peculiar 
properties that render them important in the infiuitesimil defoimdtion of i sui 
face and in the deriving of a new pseudosphericil surface from one that is 
known. For the latter operation it is important to know the expie'-siou foi the 
linear element of the surface referred to asymptotic curves Ennepti found 
this expression by inserting in the Codazzi-Mainardi fundamental equations 






D 



2 [EG- F^) V'EG^F'^ 
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'^Zf^^ -D' \C W~ du-^Bv) 1," 

" (EG-F>) 'VEO^F'^ i(EG-F') 'VeG^F\ ' 

d / D' \ ^ i -O' \ 11 ^" 'J" ^" Z) 



{EO-F') 'VEG^F'^^"" 1{EG-F') VEQ:^ 



- = 0, 



the values Z> = 0, Z>" = and K= — l/R^ = a constant, which are the condi- 
tions that the hnes u— a constant and u = ct constant shall he asymptotic 
curves on a surface with curvature — 1/7?^. He thus reduced the equations to 

ff'^.F^^O, E^^-F'-i^O, 

So ou cu ov 

from which he saw that jS" is a function of it alone and (9 is a function of v 
alone, so that the expression for the linear element may be written 

ds' = div' + ^Fdud/o + di^ 

and the equation for the curvature A"hecomes 

1 a^2w 



K = 



It^ sin 2(M dudv 



where 2o) = the angle between the asymptotic curves and F =■ cos Sw. 

Enneper discovered the famous theorem known as Enneper's theorem, that 
the square of the radius of torsion of an asymptotic curve at every point is equal 
to the product of the principal radii of curvature of the surface at that point, 
with the minus sign placed before it. In proving this theorem he obtained the 
two following equations for the curvature 1/^^ and the torsion l/?'^ of the 
asymptotic curve, ^l = a constant, 



P, VEQ-F'- '■„ VEG-F'- 

the iivst of which shows that its geodesic curvature is equal to its curvature, 
and the second that its torsion squared is equal in value but opposite in sign to 
the curvature of the surface,and is consequently constant when the curvature of 
the surface is constant. 

Enneper also remarked that if one surface is applied on another, one system 
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only o£ asymptotic curves on the first surface can by any possibility pass over 
into asymptotic curves on the second sni-face, as, for example, tlie generators of 
a skew surface. 

In the same year, Dini *^ made a study of aymptotic curves. Supposing the 
surface to be represented upon a sphere after the method of Gauss, he denoted 
its linear element referred to arbitrary parameters u and « by 

ds^ = Edit' + ^Fdu dv + Odv; 
and the spherical image of its linear element by 

ds^ =. E'du-" + ^F'du dv + G'd,v\ 

He derived the Codazzi-Mainardi equations for the coefficients £", F', G', and 
for the coefficients _D, I)', D", of the second fundamental differential expres- 
sion for the surface and introducing the conditions necessary in order that the 
parametric lines on the sphere should represent the asymptotic curves of a sur- 
face of negative curvature — p?, he reduced these equations to 



--E" 



v\fi)' 



"5=0. 25 = 0, 



when /A is a constant. 

His expression for the spherical representation o£ the linear element is tliere- 

ds'^ = du^ + 2F' dttdv + dv" 

and for the linear element of the surface itself it is 

(lu^ — IF'dudv -f dri' 
ds- = —5 , 

for in an earlier paper he had remarked that the arc lengths of asymptotic curves 
are always proportional to the arc lengths of their sphencal Image in the ratio 
of the curvature of the sphere to the curvature of the surface and that the angle 
between two asymptotic curves on the surface is the supplement of the angle 
between the two lines that represent them on the sphere. 

Dini was the first to observe from the form of this expression that " asymp- 
totic curves divide a surface into infinitely small lozenges." Haazidakis ^^ went 
a step further than Dini and found the ai'ea of one of these lozenges to be 
A -\- B -\- G + D — 2k where j1, 5, C, D represent its four angles. He 
obtained this value by integrating along its boundary the equation for the area 
of the quadrilateral 
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J J sin Iwdu dv , 
where sin 2w is given Ijy the equation for the measure of cnrvature ^, 

^,_ ]_a^« ^_j 

sin 2co dudv 

Voss^' approached the subject o£ asymptotic curves from the consideration of 
equi-distant curves. He gave that name to a system of curves on a surface whieh 
form a net-work of quadrilaterals wliose opposite side are equal. His expres- 
sion for the linear element of the surface, when m = a constant and v = a con- 
stant represent these lines, becomes 

d,s' — dit' -j- 2 COS '2:Q>du dv + dv'^, 

where 2q) = the obtuse angle of a quadrilateral. To find the surface for which 
the equi-distant curves are asymptotic lines he made the necessary substitutions 
in the Codazzi-Mainardi equations 

and reduced them to two partial differential e(piations 



-f— ^=1 = 0, -Jf- 



whose common solution is 

D' 
— 7 -^ = a constant. 

This expression denotes the measure of curvature of the surface with the nega- 
tive sign, 80 that Voss thus proved that only upon surfaces of constant negative 
curvature can a system of equi-distant curves be composed of asymptotic lines. 
Voss also found the characteristic equation for surfaces of constant negative 
curvature — IJIi^ 

d^2w _ sin 2m 

dudv Ji^ 

by deforming the meridian and parallel curves of the pseudosphere into equi- 
distant curves. 

The equation for an asymptotic curve on a pseudosphere was derived by 
Beltrami** in 1872. In that year he published a paper whose title, " On the 
Surface of Rotation that serves as a Type for all Pseudospherical Surfaces," 
shows the nature of its contents. In order to obtain a set of equations for the 
surface he called the axis of rotation the axis of z, the plane of the maximum 
parallel circle the x y plane, the angle measured on this plane that any meridian 
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makes with a fixed meridian tlie angle <^ and the acute angle that the tangent 
to the meridian at any point malies with the axis of rotation the angle $. His 
equations for the coordinates ir , ^ , s of a point on the surface of curvature — l/r' 
are then 



c sin cos <p, y =r sin sin ^, 



» = r llogetn-g- 



Every point on the surface is therefore determined by the value of and B at 
that point. The expression for the linear element of the surface then becomes 

ds^ = r^ (ctn^ de^ + sin^^ #^) 
and may he transformed into the usual form 

ds^ — du^ + 7-'' e~*"''' dv^ 
by means of the equations 

sin $ = e~"''', ^ = t', 

while, if H, and li^ denote the principal radii of curvature, 

A'j = - )■ ctn d, i?, = r tan B. 

Beltrami began the study of asymptotic curves from a very interesting point of 
view. He (.-onsidered first a curve which he defined as " the curve of intersec- 
tion of the surface with the tangent plane to it at the point 6 = 6^oi the meri- 
dian lying in the a;s plane." He proved with respect to this curve that it has 
two branches going out from the point of taugency (^=5^) each of which 
mahes an angle 6^ with the tangent to the meridian curve and that when very 
small are lengths of the osculating circles of those two brandies measui'ed from 
the branch point are revolved about the axis of -. they will generate a surface 
differing by a quality of the fourth order only from the original surface. The 
two branches of the curve of intersection, since their planes of osculation are the 
tangent plane to the surface at the point d = $^^ will coincide respectively witli 
the two asymptotic curves of the surface going through that point ; accordingly 
Beltrami remarked that if two asymptotic lines be drawn through a point on a 
meridian curve they will each make an angle with the tangent to the meridian 
at that point that is equal to the angle which that same tangent makes with the 
axis of rotation. He built up the following series of propositions on this 
theorem : — 

Since the equation for the sine of the angle -^ which any euive makes with 
the geodesic meridian curve ^ = ^„ is given by 






d\/ G dv r sin ddip 

du ds~ ds 



and when the curve is an asymptotic cuive -^ ^^ 0, the arc length of an asymp- 
totic curve is given by 
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(Is = =b rd<f) . 

The integral of this equation 

sliows that the arc length of the curve hetween the meritlaris <j) = <}> and <{> = <p^ 
is equal to its orthogonal projection on the plane of the masimuui geodesic 
circle and that each one of the infinite number of portions into which the length 
of the curve is divided by a meridian curve is equal to the circumference of the 
maximum parallel. If a linear element of surface be taken along an asymptotic 
curve, there results the equation, 

ds^ = i^{otn^ed0' + sin'^(Z<^') = ^df 

=p~de^d4 

^ sin e ^ 

and the integral of this equation, 

9 
log tan 2 = 1^ — ^0 

or 

sin 6 cosh (^<j) — <l>^) = 1 , 

gives the equation of an asymptotic cuive that totiches tlie raaximuin parallel at 
the point i^^,. 

The part played by an asymptotic line in the infinitesimal deformation of sur- 
faces was discovered by JeUet '^ in 1853, who gave the theorem that, when a sur- 
face is deformed infinitely little, one asymptotic curve may remain unchanged, 
He therefore called asymptotic lines " curves of flexion," and stated the proposi- 
tion, " "We can fix a curve of flexion mthout preventing the deformation of any 
finite portion of the surface." As only surfaces of negative curvature have real 
asymptotic curves, they are the only surfaces that can be bent while a curve on 
them is unchanged. This theorem was demonstrated by Lecornu^^ in 1880 and 
by Weingarten«=inl886. 

In this connection, Weingarten introduced the idea of the bending invariant. 
He denoted by ex, ey, ez the infinitesimal increments that each coordinate 
Xf ^, s of a point receives when the surface on which it lies is bent infinitely 
little, and by x', y' , s' the coiirdinates of the same point after the surface is 
bent so that 

x ^x-\- ex, y' =y + £y, z^s + e%. 

Then assuming the expression for the linear element of the sui'face to be 

d&' = Ediv" + ^Fdu dv + Gdv\ 

he defined the bending invariant <^ by means of the equation 
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1 (j:'1 



V EG ~ 'F^\ ^'^'' ^'i ^^ ^w/' 

He n eo 1 we 1 ti it e tl e 1 neir elen ent of tlie surface remains 

1 ^e 1 wl n the rii bent an 1 e is o n ill that when raised to the 

eoiiline tm 1 e^Ie tel itmutbapie tlat 

o y n iy 1 e ega led is tl e co 1 ates of a po nt on the second surface 
that CO e pon 1? to the fi st 1 y tl e o tho^o al ty of ta elements. 

A second tl eoren of lend g tl afc elite to s fice of negative curvature is 
that wlen two suifacesa ea soc atel tl at s wlen the 1 ending invariant of the 
o e at every po nt s e ] tl to the d ata e of tl e tangent al plane at correspond- 

g po ts of the otl e f o the o n the t t 1 e v ture of one of the sur- 
fa es n st b neo-it ve The d cove y 1 oth of tl e ex stcnce of such pairs of 
s faces a 1 of tl e tl core n co cern g tl em he rk of Bianchi.''' The 
as ate 1 s rfdcc of pseudo [ 1 e cal u face 1 ave been studied within the 
pa t f e ^ei a I y Cosserat Gr char I anl V ss. 

Tl e ise of asvn ptot c 1 nes n tl e tia sfo n at on of o le pseudospherieal sur- 
face into another will be considered later. It is necessary here to turn to the 
development of the geometry of lines on these surfaces. 

7. While the mathematicians of France, Italy and Germany were discovering 
the various properties of surfaces of negative constant curvature and adding 
from time to time to the development of their theory so as to make them take 
an important position in the class of surfaces of constant curvature, considering 
them merely as a necessary adjunct to the completion of the study of that class, 
another topic of more general interest was attracting the attention of men aU 
over the world. This matter was none other than the recognition that Euclid's 
fifth postulate, equivalent to the statement that only one line parallel to a fixed 
line can be drawn through a point, is not capable of demonstration from the pre- 
ceding hypotheses. 

Gauss^ among others gave some study to the subject and recognized in con- 
nection with it the existence of a new geometry, which he called the non- 
Euclidian, and which he distinguished from the Euclidian by the essential char- 
acteristic that in it there is never any similitude in the figures without equality. 

Gauss never published a complete exposition of his theories, but referred to 
them occasionally in various papers since published in the Gottingen edition of 
his works and in his correspondence with Schumacher. It is in a letter to the 
latter that he gave the now familiar expression for the semi-circumference of a 
circle with radius r in the non-Euclidian geometry. 
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and remarked that for the Euclidian geometry A" becomes infinitely great, but 
Gauss' coutribations to the new geometry were alight In compari'son to those of 
Lobatehewsky. 

In 1831 Lobatehewsky^ produced a pamphlet on the theory of parallel lines, 
of which GauBS said in ■inother letter to Schumacher, " I have found in the work 
oE Lobatehewsky n f n to me, bub the statement is. entirely different 
from that I had eont n 1 1 t 1 

In this pamphlet L bat 1 w kj set forth a whole imaginary geometry based 
on the hypothesis th t t in parallel to a third may be drawn through a 
point and demonstr t 1 a e of propositions analogous to those of the Euclid- 
ian geometry In 1854 Hiemaun '^ wrote his renowned Habilitationschrift in 
which he introduced foi h^-perspaee of any dimensions the ideaof three kinds of 
constant euivituie, positive, zero and negative. In particular he considered 
two-fold apice and stated that all surfaces of positive curvature are developable 
upon a sphere ind all those of zero curvature upon a cylinder. "Surfaces of 
negative curvature," he said, "will touch the cylinder externally and be found 
like the inner po&ition (towards the axis) of the surface of a ring." He made 
the further statement that '■ the surfaces with positive curvature can always be 
so formed that figures may also be moved arbitrarily about upon them without 
bending, namely they may be formed into sphere surfaces; but not those with 
negative curvature." He thus suggested the idea of a geometry on surfaces of 
constant negative curvature as opposed to spherical and plane Euclidian geom- 
etry. No mathematician, however, connected the new geometry of Lobatehewsky 
with the geometry of pseudosplierical surfaces until Beltrami ^^ wrote his essay 
on the non-Euclidian geometry in which he showed analytically that all the 
propositions aud theorems of the new geometry eau be realized by means of 
figures lying upon such a surface. 

His method of proof was based upon such a choice of parameters u and v that 
a linear equation between them represents a geodesic line on the surface. Con- 
sequently the surface may be lepresented upon a plane in such a way that its 
geodesic hnes become stiaight hues Beltrami ^^ wrote a paper In 1865 on this 
representation showing that it is possible only for surfaces with constant curva- 
ture, and thit it is analogous to the ccnti il projection of a sphere together with 
its linear substitutions 

He repiesented the gcodLsic hues h\ 

an + 6u -F e = 
and the straight Hue on the plane by 

aa; + Zi?/ + c = 
so that the equations for transforming the one into the other are 
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and the plane and surface correspond to eacli other point to point. 
Since the general differential equation of any geodesic curve is 

1.(dui'v -<l'udv)= ^jig_p,^ 
\ cu oil, on j \ ou cu uv ou J 

and in the case considered this must become 

(hi (Pv — (I'u (^i» = , 

he saw that the coefficient of each term of the right-hand member of the equa- 
tion must vanish identically so that the reduction furnishes a set of equations 
whose integrals give for _£", F and G the values 

„ gC^' + a') „ - g--° „ B-j u' + a') 

-^- („" + „> + „")■• ^ -[u- + ,f + ,ff ''-(«- + «■ + <.■)■■ 

where 1/^^ is the curvature of the surface and a is an arbitrary constant. 

He was thus able to write down at once the expression for the linear element 
of a surface with constant positive curvature 



which he changed into 

for pseudosphei'ical surfaces by writing — R^ and — a' for R^ and d^. 

This expression for the linear element was his starting point for his investi- 
gations on the non-Euclidian geometry in 1868 and from it he developed other 
properties peculiar to the anrfaee and to Lobatchewsky's imaginary plane. He 
observed that if be the angle between two lines m = a constant and d = a 
constant that 



i;'((a' + »■)(!»= - luvduiii + (ii' + « 


■}d„') 


(,,- + i,- + o')' 
tito 




i?" ((«■ - !.')*<■' + 'iiivdudv + (a'- t, 


■)*■) 



aV<f^ ■ 



V{n^ — a^){v^ — a^y i/(m= — a^){v' — a?) 

By using polar coiSrdinates r and he found a second expression for the linear 
element for the surface 
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From this he derived equations for the length p of a geodesic line <^ = a eon- 
stant and for the arc o- o£ a geodesic circle r — & constant, or as he called it, a 
geodesic circumference, 

P = -9- log -.-. — == = 2" log -, 

■^ a— yiu' + v' ^ a — 'I 



His expression for the circumference of a geodesic circle is tiierefore similar to 
to the one found by Gauss, 

■TV E{&!''~e- ">''). 

YvoTXi these equations he saw that the curve whose equation is 



bounds the region of real values. He remarked that when the surface is repre- 
sented upon a plane this curve becomes a circle which he called the limiting 
circle because all the points corresponding to real points on the surface lie 
within it, all those corresponding to the ideal or imaginary points on the surface 
lie without it and the points on its circumference correspond to infinitely far off 
points on the surface. He also showed that the geodesic lines of the surface 
become chords of this circle and that, since two points fully determine a chord, 
two points will determine a geodesic line. 

From the equation for 8 he further observed the nature of the pa tu t 1 es 
on the surface, that they consist of two systems of geodesic line wh 1 a o 
related to each other thit the two fundamental lines i = OD=0ntt It 
angles at the origin while the coordinate lines w = a constant aie t! 1 to 

— and the cojrdinate lines ? = a constant aie oithogonal to w = . 

He showel hy i iigorous pioof that any two lines thit cut each other orthog- 
onally may ) e chosen foi the fundamentil lines instead of j = , u = , and 
that consequently an^ geodesic hue miy be mide to coincide with any other and 
the surface suptrposed upon itself foi changing the pair of orthogonal geo- 
desic lines inteisetting at the oiigm into any ithei bet of orthogonal geodesic 
lines thiough iny other joint 1 es not ■liter the form of the expression for the 
lineir element 

These two (.haricteii'itics the super posability of the surface upon itself and 
the leteiminition f a ^eodesic line b\ t\o point's Beltiami illed the " funda- 
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mental criteria of elementaiy geometry," and since they belong equally to pseudo- 
spherical surfaces and to the Lobatchewsbian plane, he said : " It becomes 
evident that the theorems of the plane non-Euclidian geometry exist uncon- 
ditionally for all the surfaces of constant negative curvature." 

The keystone of the non-Euclidian geometry is the proposition that two 
straight lines can be drawn through any fixed point parallel to a given straight 
line. Beltrami proved this proposition by meaus of his geodesic representation 
of the pseudospherical surface on the plane in the following manner: first it is 
necessary to show that the angle between two geodesic lines intersecting at a 
real finite point on the surface is never nor tt, but that the angle may be 
or TT when the curves intersect at a point of infinity. If this angle is repre- 
sented by 1^ and the angle on the plane between two chords corresponding to the 
geodesic lines be represented by i/^' and the angles which the chords make with 
the axis of X. by /a and v respectively, i/r and i|r' are related by means of the 
equation 

aiVa^ — u' — i?') sin i>' 

tan -iJr = -5 T-, -. -. XT '• \ ' 

' a cos Y — (« cos /i — u sin ii){^v cos v — u sin v) 

the right-hand member of which can only be zero when u^ -\- v^ = a^, that is 
when the two chords meet on the perimeter of the circle, consequently the angle 
■v/i- is only when the geodesic curves meet at a point at infinity which corresponds 
with the point of intersection of the chords on the perimeter of the limiting 
circle. 

When a given geodesic and a given point on the surface are represented by a 
chord of the limiting circle on the plane and a point within its perimeter, two 
of the chords drawn through that point will meet the first chord at its extremi- 
ties on the circumference of the circle, therefore, the two geodesic lines whicli 
correspond to the two chords will meet the given geodesic line at infinity, mak- 
ing with it an angle and they will therefore both be parallel to it though 
drawn through one point. 

Following the line of thought laid down by Lobatchewsky, Beltrami next 
defined the angle of parallelism 11 as half the angle between the two geodesic 
lines drawn through a fixed point parallel to a given geodesic line. To deter- 
mine tan II he constructed the corresponding angle and lines on the plane. He 
chose the center of the limiting circle to represent the fixed point and the line 
corresponding to the geodesic bisector of the angle of parallelism for the axis of 
X so that the coordinates of the extremities of the chord representing the given 
geodesic line are (x, y) and (ic, — y). He could then write 

, ^ y Vd^ — x^ 
tan II = -- = — 



and from the equation 
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he could obtain for x along the axis, y — d, the value 



90 that on the surface 

tan n = — , 

sinh-^ 

a form equivalent to the one given by Lobatchewsky. 

By means of the above equation he was able to express Minding's equation 
for the angle of a geodesic triangle in terms of the angles of parallelism of the 
sides and thns obtain the fundamental equation of the non-Euclidian trigonometry 

, sinn (6)sinn (c) _, 

cos A cos n (h\ cos n (c) + > 1, , , '^ ^ 1 

^ ' \ ' < sin n (o) 

where a, b, o are the sides and A, B, (7 the angles of the triangle. 

Finally he found the area of a triangle to be proportional to its spherical 
deficiency, a fact which results from Gauss' theorem that its total curvature is 
equal to the sum of its angles minus w. 

From the theorems of pure geometry Beltrami returned to the subject of the 
three different forms of the pseudospherieal surface of rotation. He first found 
the equation for a geodesic circle, or as he called it a geodesic circumference, 
whose center is the point m, ti, and whose radius is p, to be 



l/(«^ -u^- v^) ia^ _ ul - vl) J^ 

and by means of it he deduced that the expression for the linear element assumes 
one of the three different forms given by Diiii, 



cW^ ■■ 



.^av 



ds^ — (du^ + cosh^ -p dv''), 

according as to wlietiier the centers of the geodesic circumferences chosen for 
one family of parametric curves are real, at infinity or ideal, that is whether on 
the plane, the corresponding points lie within the limiting circle, on its perimeter 
or entirely without it. 

He also remarked upon the peculiar properties of the three types of geodesic 
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circumferencea, how, those o£ the third type with a conimon center are parallel 
to a geodesic curve, a property which helongs to all geodesic circles on a sphere, 
but which belongs only to geodesic circles with an ideal center on a pseudospheri- 
eal surface ; how a geodesic circle of the second type is identical with what is 
known as the limiting circle or horicycle of Lobatchewsky, that is, a curved 
line such that all the perpendiculars erected at the middle point of its chords are 
parallel to each other ; how the geodesic lines orthogonal to a family of geodesic 
circles of the first type go through a common point usually chosen for the origin 

{« = , = «). 

In this same paper, in speaking of the three types of surfaces of rotation 
which correspond to the above three forms of the linear element, he remarked 
that in the actual application of a surface of rotation of the first type upon a 
pseudo spherical surface of a different form, it is necessary to make a slit in the 
surface from the point of intersection (M=:^i = 0)of the meridian curves in 
order to apply the " pseudospherical cap" about the point (« = ti = ) upon 
the second surface. He went on to observe that surfaces of rotation of the sec- 
ond or third type have each a minimum parallel circle, that for the last named 
surface, this minimum circle is the geodesic curve to which all the other par- 
allel circles are parallel and that at equal distances from it, on either side, lie two 
maximum parallel circles between which lies the real part of the surface and that 
when a pseudospherical surface is applied upon a surface of rotation of the sec- 
ond or third type it may be wrapped about it an infinite number of times. These 
properties though evident from the drawings of pseudospherical surfaces at the 
end of Minding's memoir in volume XIX of Crelle's Journal, were not de- 
scribed by him nor were they spoken of in any of the papers previously mentioned. 

8. Beltrami ^^ wrote a papei m 1872 devoted exclusively to the subject of the 
pseudosphere, making theiem a particular study of its asymptotic and geodesic 
curves. His theoicms on geodesic lines, following in natural order after his 
remarks in regard to the'^e cunes in his "Essay on the Interpretation of the 
Non-Euclidian Geometry," will now be considered. 

If the expression for the linear element of the pseudos]3here of curvature 
— 1 fr^ be written in the usual form 

(7s^ = dtr^ -f- e"^"'"' J^^ 
where the parameter a represents the arc length of any meridian curve and the 
parameter <f> denotes the angle that that meridian makes with a fixed meridian 
measured on the plane of the maximum parallel, the general equation for the 
radius of geodesic curvature of a curve l 



8" («"" + *") ■ 
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Beltrami obtained the equation for a parallel circle. 

by putting p = a constant in this equation and then integrating. The denomi- 
nator set equal to zero gave him the differential equation for a geodesic curve 
whose integral is 

e^-rl'- + (^<j, - by = (a + &=). («, 6, c, rfareconstonte.) 

If the equation for a parallel circle be differentiated twice with respect to ^ it 
will become 

and the combination of this equation with the equation for the radiua of geo- 
desic curvature makes the latter assume the form 



v_ [^ + (-g)']' 



The comparison of this equation with theoidinarv one of Differential Calculus 
for the radius of curvature of a pline cur^ e showed him that the two become 
identical ii tt> = x and e"^ = y. He saw therefoie, that the geodesic cii-cles of 
the surface may be transformed into ciicles on i plane whose equation is 



{y + a) +(^ + 1) '■ 



h + c^ — ad h'p 



and that the condition that these circles should have a center that is a real finite 
point, a point at infinity or an imaginary point may be expressed analjiiically by 



This projection, which ia similar to the atereographic projection of a sphere, 
has aince become very useful in the investigation of paeudospherical surfaces. 

Beltrami'a first method of projection or geodeaic representation of a pseudo- 
spherical aurface converts the geodesic lines of a surface into straight lines on 
the plane ; his second method transforma the geodesic lines on the aurface into 
circles on the plane. 

Beltrami's second method of projection ia couformal, and Buase'^* has shown 
in a recent doctor's diaaertation that it is only surfaces of constant curvature 
that can be conformally projected upon a plane in such a way that their geodesic 
curves become right lines or the arcs of circles. 

A very interesting deduction was made by Cayley^' in 1884 from the theo- 
rems contained in Beltrami'a two papers on pseudospherical geometry, namely, 
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tl at the Lobatchewskiaii geometry is a geometry such as that o£ the imaginary 
spl e oal surface X^ + Y^ + Z^= — 1 (spoken of by Dini, page 18) and that 
the m ginary surface m.ay be bent without extension or eontraotion into the real 
su £a e onsidered by Beltrami." 

He re narked that this bending ia an "imaginary process" for the points and 
lines on the first surface are ima^nary and those on the second are real, while 
the angles and distances are real on both surfaces. He denoted the coordinates 
of a point on the imaginary sphere of curvature — 1 by X, V, Z, and the 
coordinates of a point on a pseudosphere of the same curvature by x, y, z. He 
was then able to transfer the linear element on the surface denoted by 

ds' = dX"-+ clY'-+dZ' 
into the linear elements of the pseudosphere represented by 

ds^ = da? + di/ + d'^, 
by means of the three sets of equations 




z = log ctn n — cos 9 , 

where u and v are Beltrami's parameters which, when linearly connected, repre- 
sent a geodesic curve. 

Having established the fact that the imaginary sphere is transformable into a 
real pseudosphere, Cayley proceeded to consider the geodesic curves on the first 
aiu'face. The equation of a geodesic curve on the imaginary sphere may be 
written iu the form similar to that of a geodesic curve on a real sphere 

aX+ bY + cZ =0 {a, 6, c, =con8tante), 

but Ci^lej obst-ried thit sinue for a point corresponding to a real point of a 
pseudospheie A is i pure imiginary, and l^and Z are real, we see that for a 
geodesic coriespondiug to i real geodesic of the pseudosphere X must be a 
pure im igmiiy and \ and Z rt,al. In order to have all the coefficients real he 
theiefoie nude thb subititutions 

p^iA'- Y, q^ix-k- Y, 

by means of wliich the equation becomes 

( - \ia - ib)F + (~i-ia +^h)Q + cZ=0, 

AP + BQ+ C'Z=0, 
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where A , B and C are all real. Applying the same equations of transformar 
tion to this equation as Le had formerly applied to the imagiiiaiy sphere to 
deform it into a pseudosphere he found that the equation assumes the form 

A + Bie?" + .^=) + C^ = , 
which is the form ohtained by Beltrami for the geodesic curves on a pseudo- 
sphere. 

Thus Cayley proved that the imaginary surface and the real surface are so 
related to each other that to every point and to every geodesic line of the one 
there corresponds a point and a geodesic line of the other. 

Cayley applied the same method of projection on the plane of the greatest 
parallel to the case of a geodesic line that cuts a meridian curve at right angles, 
as Beltrami had applied to asymptotic curves. By tracing the course of the 
projected line he saw that it continues to cut at right angles the radius of the 
maximum circle into which the meridian is projected, that in the neighborhood 
of the circumference of the circle it is almost a straight line and that the further 
away the point of intersection of the meridian curve with the geodesic line on 
the surface lies from the plane of the unit circle, the nearer the projection of the 
line approaches the center of the circle and the more curved it becomes, while 
the circle itself is an envelope of geodesic lines. 

The question as to whether Beltrami's geodesic projection of a paeudospher- 
ical surface on a plane may represent the whole plane of Lobatchewsky's geom- 
etry was asked by Hilhert'^ and answered by him in the negative, for he 
proved that it is impossible to construct an analytic surface with constant nega- 
tive curvature that contains no singularities. First he assumed that such a sur- 
face can be constructed, and showed that in that ease it will be completely 
covered by a net-work composed of two families of asymptotic lines, for he 
proved that no one of these lines ever intersects one of the curves of the family 
to which it does not belong more than once and never intersects a member of 
its own family, and that they have no double points or singularities of any kind. 
He then saw that the surface can be regarded as bounded by four of these 
asymptotic lines no matter what its extent may be and that by Dini's theorem 
its area will never be greater than Stt. On the other hand he recalled Gauss' 
expression for the area of a geodesic circle with radius /a on a surface of curva- 
ture -1/-H% 

and saw that, if he supposed the surfite to be loundel b^ '■u h i ciicl with a 
radius indefinitely great, its aic^ must be gieatei thin Stt bnch xa inLonsist- 
eney between the two methods of meisuiement showed him thit there must be 
singularities somewhere on the surface an I that theiefoie the piojection of such 
an analytic surface does not lepieient the while of Lobatsi,hewsk\ s plane 
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9. It remained for Klein "^j to reconcile these two geometries, the Pseudo- 
spherical geometry of Beltrami and the non-Euclidian geometry of Lobatchewsky 
with still a third, the Metrical geometry of Cayley. 

Cayley " first originated this geometry in 1859, as a result of his studies on 
the projective properties of points, lines and planes. In this connection, he 
considered the distance between two points (x^ , y,) and (x, , y^ on a plane as 
denoted by the formula 

Vx\ + y\ Vx\ + yl 
and between two points (x^, y^, zj, {x^, y^, z^) on a sphere by the formula 

Vxl +yl + zl Vxl +yl+zl 

where x^, y^^ z^, x^, y^, z^, are ordinary rectilinear coordinates. Cayley observed 
that the first fornmla might represent the angle between the polars of the points 
with respect to a conic whose equation is 

a-J' + f = 

and the second, the angle between the polars of the points with respect to a 
spherical conic whose equation is 

x' + f + z' = (l. 

Therefore in order to measure the distance between any two points on a plane, 
he assumed an imaginary conic which he called the "absolute" and formed the 



(a, b, c^x^, Vi, ^A^-2-, y^, sj 



V{a, b, c\x^, jij, z^fV{a, h, c\x^,y^, z^'f 
where x^, y^, z^ and x^ , y^ , a^ are the homogeneous coordinates of the points and 
(«, &, c\x^ y, ^y ^ ax^ + hf -|- cs^ = 0, 

is the equation of the conic. 

He observed the fact that the two points together with th p t f t 
section of their binding line with the absolute are in in 1 t d tl at tw 

systems in involution are homograpieaUy related, He al 1 d that f 

line coordinates ai-e used instead of point coiJrdinates exactly th m f m L 
will measure the angle between two lines, and that, in that tl 1 ad 

the tangents drawn to the absolute from their point of intersection are in invo- 
lution. 

Cayley himself never applied his theories to the case of pseudospherieal sur- 
faces but Klein, perceiving that if he assumed a general formula. 
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2iCcoa- 



\/{a, h, c ija;,, y„ a,)^ -[/{a, h, cjx^, y^, sj^ ' 



for the measure of distance between two points on a plane, he could derive from 
it Cayley's expression by pufctmg'for C the value — i/S and the expression of the 
Euclidian geometry by letting C become infinitely great introduced as a third 
value for C a real finite quantity, and thus obtained an expression that satisfies 
the requirements of the theorems of the non-Euclidian geometry. 
Klein denoted the absolute in homogeneous point coordinates by 

n = o, 

so that the general expression for the distance between two points x and y 
becomes 

fi 
2i C cos~'^ "" , 

where il^^ and fl^ are the expressions which result when the coordinates 
Xi, iCj, ic,, of the point x or the coordinates y, , y^, y^ of the point p are set in 
il, and Q.^^ is the consequence of putting the coordinates of x in the polar of y 
or conversely. 

He changed this general expression into the equivalent form 



C log -^ -ry j, ^M/ 

and observed that the expression under the sign of the logarithm is the anhar- 
mouic ratio formed by the two points x and y and the points of intersection 
with the absolute of the hue joining them. 

He obtained a similar expression for the distance between two lines repre- 
sented by 11 and v , namely 

when iJi = is the eqiiation of the absolute in homogeneous line coindinates. 
He saw that l>oth expre'sMous under the sign of the logarithm are anhaimonic 
ratios, the fii'^t formed of £o\ir points, the second of four lines, each of which, 
according to Cayloy, belongs to a system in involution, and that therefore every 
point in a line except the points of its intersection with the absolute may be 
linearly tranf-foimed in every other point and every ray in a pencil, except the 
two tangent to the absolute, may be hnearly transformed into every other lay, 

Klein investigated the nature of the absolute and discovered its characteristic 
properties; first, that since for an imaginai\ value of C it is imaginary, for a 
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real value ef G it must be real, i 1 tl %t m t) at case, since only real distances 
are considered, the anliarmonic lat o s pos t ve and all real points lie within its 
circunif erence ; second, that it lies at infin tv for if a conic is assumed to be a 
circle with x as its center and y "K \q t oi ts circumference, its radius will be 
by Cayley's formula equal to 

and will become infinitely gi'eat when y lies on the circumference of the conic, 
li = ; third, that it is impossible to determine the region outside of the abso- 
lute, "the ideal region," for by means of a linear transformation a man starting 
from any point within the couic to walk to its infinitely far-off circumference at 
a uniform velocity will never reach it, much less then will he know what lies 
beyond. 

He therefore concerned himself only with the points and angles within the 
absolute and saw that for every line the fundamental elements are real, but that 
for each pencil of rays they are imaginary, since no leal tangent can be drawn 
from an interior point to the conic. He then put for C" the value i/2, ao that 
the sum of the angles about a point is the same as in ordinary plane geometry. 

This description of the absolute, that it is a real circle at infinity within whose 
circumference lie all leal points, is exactly the same as the definition of Belt- 
rami's limiting circle, and Beltrami's expression 



for the length of a geodesic line from the center of this circle is exactly the same 
as Klein's, if (7= -fl/2. Consequently the propositions proved by Beltrami with 
respect to parallel lines, the angle of parallelism and trigonometrical ratios belong 
equally to the metiical geometry and may be solved bj' means of figures drawn 
in the plane of the absolute. 

This geometry Klein called the Hyperbolic geometry and the spherical and 
Euclidean geometries he called Elliptic and Pai'abolic respectively, making the 
distinction between them depend upon whether the right line has two real, 
imaginary, or coincident points at infinity. He called the measure of distance 
of the Hyperbolic and Elliptic geometries, the general metrical determination, 
and that of the Parabolic, the special metrical determination. He remarked 
that the two may coincide at a point or in the neighborhood of a point, but that 
at points at a distance from the point of contact, the general metrical determina- 
tion is greater or leas than the special, according as to whether the fundamental 
conic is imaginary or real. He designated as measure of curvature the greatness 
of the respective gain and loss, and found that it is the same at every point, and 
that it is equal to — 1/4 C^, 
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He regarded all the points and lines on the plane as the projections of lines 
and planes in space and the absolute as the section of a cone whose vertex lies 
at a determined point in space and which passes through the circle of infinity, 
and was able to prove that projective geometry can be completely developed, 
although absolutely free from the question of metrical determination. He thus 
showed that the hyperbolic geometry, since it has a real value for C is the geom- 
etry of surfaces with constant negative curvature and that the non-Euclidian 
geometry, the pseudospherieal geometry and the hyperbolic geometry are essen- 
tially one and the same. 
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1. The theorem that co^ new pseud ospheriea! surfaces may be derived from 
one that is known and the geometrical method for the determination of the new 
surfaces were derived by Bianehi*^ for a simple case only in 1879. In 1881 the 
theorem was developed analytically so as to apply to a more general case by 
Backlund*^ and was geometrically interpreted for this general case by Bianchi" 
in 1887. 

In its generahzed form the theorem may be stated as follows : if on a surface 
of constant negative curvature — \jli^ a system of lines be chosen whose prin 
cipal normals at every point mal:e a constant angle (;r/2 — (^) with the normal 
to the sui'face at that point, and if tangent lines be drawn to these curves on each 
of which a constant length _ff cos a is measured off, the extreme points of the 
constant lengths on these tangent lines will lie upon a second siirface which has 
also constant negative curvature — \jli ^ and which can be completely determined 
when the first surface and a are known. 

This theorem as here written was not announced all at one time uor was it 
the work of a single man, but it is the resiilt of the discoveries of many other 
theorems and it represents the labor of many men of different nationalities. 

It is necessary in tracing the gradual development of the theory which lies 
beneath it, to go back to Kummer's"^ treatise on ray systems, for Bianehi^' 
observed, that the tangent lines may be regarded as forming a congruence of 
right lines for which the two pseudo spherical surfaces are the focal surfaces. 
Thus he pointed out that the whole theory of deriving new pseudospherical sur- 
faces from a given one is dependent upon Kummer'a theorems. 

2. Kummer's paper entitled The General Theory of Congi-uences of Might 
Lines was published in 1860. His definitions and theorems which were afterward 
used by Bianchi in the development of this theory may be bi-iefly stated as fol- 
lows : suppose a system of rays to be composed of co^ right lines, if all the rays 
of this system pass through a surface arbitrarily chosen as a surface of reference, 
each ray is determined by its direction cosines IK^ Y, Z and the coordinates 
X, y, z of its point of intersection with the surface with reference to a set of 
rectangular coordinates in space. If the linear element of the surface of refer- 

46 
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ence be referred to curvilinear coordinates w = a constant and d = a constant, 
of parameters, the quantities x, y, z, X, Y, Z may be expressed as functions 
of u and v . 

The abscissa of a point in space is its distance from the initial surface meas- 
ured along the ray on which it lies. 

Upon every ray of the system there lie five points which are of especial im- 
portance — the two limiting points, the two focal points and the middle point. 
The limiting points may be defined as follows : if to any ray [w, v) the lines of 
its shortest distance from all the rays of the system that are infinitely near it be 
drawn, the foot points on the ray of these lines of shortest distance will have, 
the one a maximum, the other a minimum abscissa, the foot points of all the 
other lines of shortest distance to the ray will lie between these two and they 
are called the limiting points. The lines of shortest distance drawn to the lim- 
iting points of a ray from the two rays infinitely near it are at right angles to 
each other, consequently the two planes drawn through the ray normal to these 
two lines of shortest distance respectively are perpendicular to each other. 

The surface which is the locus of the limiting points with the maximum 
ahscissEe and the surface which is the locus of the limiting points with the mini- 
naum abscissa are called the principal surfaces. 

The point on the ray which is half way between its limiting points is called 
its middle point. 

The rays of the system themselves form two families of developable surfaces, 
real or imaginary, and two surfaces pass throiight every ray. The curves of 
intersection of the two families of developable surfaces with the surface of 
reference are usually chosen for the parametric lines u aud v respectively. 

The surface which is the locus of the edges of regression of the developable 
surfaces of either of these families is called a focal surface. Every ray is tan- 
gent to both focal surfaces and its two points of contact with the two focal sur- 
faces are called its focal points. 

The curves along which the developable surfaces of the one family meet a 
focal surface are conjugate to the curves along which the developable surfaces of 
the other family meet that same focal surface. 

In particular, Kummer proved that the condition that the right lines of a 
system shall become the normals to a surface, or rather to an infinite number of 
parallel surfaces, is that the focal surfaces shall coincide with the principal sur- 
faces of the ray system and thus form the two nappes of the surface of centers 
or evolute surface of the parallel surfaces. A special case of the transformation 
of pseudospherical surfaces occurs when the tangents to the given surface become 
the normals to a series of parallel surfaces, but before taking up this subject it 
is necessary to make a study of the well known theorems which were derived by 
Weingarten, Beltrami and Dini with respect to tlie involute and evolute surfaces 
of surfaces with constant negative curvature. 
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3. Weingai'teu investigated a class of surfaces which are distinguished by the 
property that at every point one of their principal radii of curvature is a func- 
tion of the other, and which are now called "TT-surfaces. Surfaces with con- 
stant negative curvature come under this heading and they are also connected 
with this class of surfaces hy the fact that every pseudospherical surface is a 
nappe of the evolute of a TF-surface. 

Weingarten wrote two papers on these surfaces which appeared in Crelle's 
Journal. In the first," published in 1861, he proved the theorem that the two 
nappes of the evolute surface of a surface whose principal radii of curvature li^ 
and R^ are bound together by a relation, S^ = 0(^| ), are eaeh applicable upon a 
surface of rotation, and that, if the first nappe corresponds to the lines of curva- 
ture !( = a constant of the involute surface along which the principal radius of 
curvature is denoted by i?, and the second nappe corresponds to the lines of 
curvature w = a constant of the involute surface along with the principal radius 
of curvature is represented by i?^, the expression for the linear elements of the 
first nappe assumes the form 

and that of the second nappe the form 

ds\ — dill ■+■ e-" ^-'^^ dv^. 

He also demonstrated the converse of this theorem, that, if a surface is develop- 
able upon a surface of rotation, it may be considered as a nappe of the evolute 
of a surface whose radii of curvature are functionally related. 

As a special illustration of the converse of this theorem, Weingarten sup- 
posed one of the nappes of surface of centers to be developable upon a cate- 
noid, and proved that the relation which binds together the principal radii of 
curvature of its involute surface is 



RJi^=~a^ (r-=a constant), 

thus proving in an inverse fashion that a nappe of the evolute surface of a 
psendospherieal surface is applicable upon a catenoid. 

In his second ^" paper on Tf^-surfaces, publislied in 1863, he demonstrated a 
second theorem — that the spheiical representation of the linear element of such 
a surface referred to its lines of curvature for parameters may be denoted by 



*" = i*''+(ffr)) 



dv^. 



where 1^ and .ff"are functions of u and ti of such a nature that they define the 
principal radii of curvature R^ , R^ of the surface by means of the equations, 
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The expression for the linear element of the TF-surface itself, when expressed in 
this notation, then becomes 

^''-{-A-} ^"^ + [ 4''m ) '^^-- 

Beltrami ^ in a series of articles on the application of analysis to geometry, 
published in 1865, proved both Weingarten's theorem and its converse and for 
the latter found that a ruled helieoidal surface forms a ease of exception, for 
although this surface is applicahle upon a surface of rotation, it cannot be the 
nappe of a surface of centers. He showed at this time that the curves on the 
nappe of a surface of centers which are enveloped by the normals to the involute 
surface are geodesic lines, he therefore remarked that "if the geodesic lines of an 
evoluto surface become right lines the tangents to them at every point instead 
of filling all space reduce to a system of straight lines with a single parameter 
and are not sufficient to generate an orthogonal surface " ; he discovered rather 
that, then, the geodesies themselves can generate a ruled surface which if it is 
applicahle upon a surface of rotation is applicable upon the minimal surface of 
rotation, the catenoid, and is parallel to a series of pseudospherical surfaces 
instead of being a nappe of their evolute surface. 

Dini^^ also investigated this case of exception to the converse of Weingarten's 
theorem in his paper on helieoidal surfaces, in the same year. He found that 
the ruled helicoid that is applicable upon a catenoid is a screw-surface generated 
by a right line that moves along a helix lying on a cylinder, making a right 
angle with the helix at every point and a constant angle with the cylinder, and 
that it may he regarded as the locus of the normals of another helieoidal surface 
upon which these same helices lie. 

In the same treatise on the application of Analysis to Geometry^" Beltrami 
made known several very important theorems concerning the surface of centers. 
He denoted a suiface whose principal radii of curvature are functionally related 
by S, its lines of curvature by m = a constant and w = a constant, its principal 
radii of curvature and the two nappes of its evolute surface corresponding to 
those lines of curvature respectively by i?j, S^ and S^, S^. 

Pirat, he demonstrated the general theorem that if two systems of curves, one 
of which is composed of geodesic lines, be conjugate to each other and if tan- 
gents he drawn to two of the geodesic lines that lie infinitely near each other at 
points rt, and a^ where they meet a curve of the other system, these tangents will 
meet at a point which is the center of geodesic curvature of a curve which passes 
through the point ra, , and is orthogonal to all the geodesic curves of the first 
system. Applying this proposition to the case of the nappes, ^| , S^ of the evo- 
lute surface of a IF-surface he obtained the results first, that, since the normals 
to the surface S taken along its lines of curvature u — a, constant touch the first 
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nappe of the surface of centers, ^, , along a family of geodesic lines, which are the 
evolutes of these lines of curvature and which may also he denoted by m = a con- 
stant, and the normals to the surface taken along the lines of curvature ^ = a con- 
stant, are tangent to this same nappe along curves which, as Kummer has shown,* 
are conjugate to the geodesic lines ?« = a constant, S^ is the locus of the centers of 
geodesic curvature of the orthogonal trajectories of the geodesic lines w = a con- 
stant on S^ and, conversely, the centers of geodesic curvature of the orthogonal 
trajectories of the geodesic lines corresponding to v — a. constant on S^ lie on 
-S'l ; second, that the difference between the principal radii of curvature of the 
involute surface iS at any point _P is equal to the radius of geodesic curvature 
at a corresponding point of the orthogonal trajectory of the curves on either 
nappe which are the evolutes of the lines of curvature of the surface S, thirdly, 
that, when u^ denotes the arc length of a curve in the nappe S^ which goes 
through any point p corresponding to p and which is the evolute of a line of 
curvature m := a constant in the surface S and when p denotes the radius of 
geodesic curvature for the pointy of a curve orthogonal to u^ and going through 
the point jy, the principal radii of curvature i?, and H^ of the surface S &t P 
are given by the equations 

S,= u„ lf„ = v^ + p.-\ 

Beltrami's^^ direct contriliution to the subject ot p^eudosphei ical surfaces at 
this time consisted in the determination of their evolute ind involute surfaces. 
He first found the equation of relation connecting the principal radii of curva- 
ture 5, and Sj of any TF-surface defined by the equation 
-S, = .f(-B,) 

and the principal radii of curvature li', , H'^ of the surface of rotation on which is 
developable one of the nappes of its evolute surface. He wrote the equations for 
Ii[ and ijj in the usual form for the principal radii of curvature of the surface 
of rotation, 

where )-, = the radius of a parallel circle and v^ — tlie arc of a meridian curve. 
Substituting in these equations the expressions for r^ and dr/du^, 

d(j> { w^ ) 
/ _;'"> - di\ j\ d^>\ _ ''' ~'du~' 

'''^' "" ' du, ^ '^^TKl ' di^( = (i^"0K))^' 

^ p. 47. 
f Beltritmi uses contrary signs for S, aud iij in accordaace with liis definitiou ot geodesic 
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derived from Weingai'ten's form for the linear element of the surface of rota- 
tion, he obtained the two equations 

'^" _^(«,)/' R'- _^,<M<} 

To find the evolute surface of a surface of constant negative curvature — K^ 
he put ill the equations for Il[ and S'^ . 

and found that they reduce to 

ij; + i^; = , 

the equation of a minimal surface, which shows that the nappes of the evolute 
surface of a pseudospherical surface are applicable upon a eatenoid. To find 
the involute surface of a surface of constant negative curvature — K'', he made 
in these same equations of relation the substitution lt[ R'^ = —K'^ and obtained 
the equation 

where A and H are constants of integration. 

When neither A nor B is zero, he denoted their ratio by 



±e", 




(m = arbitrary 


S, ^-S^tajih [m 


-§)• 




S, -i'ctnh (m 


-¥)■ 





according as the upper or lower sign of e^"' is taken. M^hcn either A or B is 
zero, his equation reduces to 

li^ ~R^^± K, 

which shows that the surface of rotation has parallels with constant geodesic 
curvature and must be a pseudosphere. Beltrami, therefore, announced the 
theorem " that the evolute surface of surfaces which have at every point the dif- 
ference of their principal radii of curvature constant and equal to K is a sur- 
face of constant negative curvature — IjK'^." 

This same theorem was proved in a more direct way by Enneper^ in 1868. 
He used the subscripts ( 1 ) and ( 2 ) to denote the quantities on the first and 
second nappe respectively of an evolute surface, and from the equations for the 
coordinates of a point on each obtained all the coefficients of their two fiinda- 
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mental forms. lie then found for the measure of euFvature of each, K^^ and K^, 
the expressions 

K -^ - ^^^ K 1--^:^. 

As a particular case lie put 

li^-— It^ = & constant, 

which necessitates that the curvature of each nappe is constant and negative, 

4. The correspondence between the lines of curvature and that of the asymp- 
totic curves on the two nappes of a surface of a TF-surfaee was demonstrated by 
Eibaucour** in a paper read before the French Academy in 1872. He wrote 
the expression for the linear element of the mitial surface referred to its lines 
of curvature as coordinates in the form 

aiid defined its principal radii of curvature by the expressions * 

i?, = — , IL = ~ . (a, S = tuDCtionsof uandi'.) 

' a ' ^ b 

He obtained for the lines of curvature on the first nappe the equation 

dH^ adu 

J ou g dv 

and for those on the second nappe the equation 

dE, bdv 



f du g dv 

Therefore, the condition that the lines on the nappes shaU correspond is 

dU, = dH, 
or that i?2 — i?, = a constant, and both nappes have constant negative curva- 
ture, he wrote the equations for the asymptotic lines in the form 
1 do dH, , ^ 1 df BE. ^ ^ ^ 
J du dv g cv ou 

and 

1 da dE„ , , Idf dE-^ , ^ 
/ t'jt V V g ov ou 

so that the condition for their correspondence is 

dv du du dv ' 

or 7?^ and E2 are functions of each other. 
*Bianohi7«°l 64, 127, 128. 
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Ribauoour **■ " had at this time already communicated to the Academy a 
series of propositions in regard to the class of surfaces which he called " cyclic," 
and defined as a system of surfaces that have a family of circles for orthogonal 
trajectories. By so doing he virtually laid the foundation of the Transforma- 
tion Theory that is, the theory of deriving an infinite number of surfaces of 
negative constant curvature from one that is known, but the connection between 
this theory and a cyclic system was not seen until Biicklund* pointed it oat ten 
years afterwards. 

Kibaucour's propositions were, first, that if the family of circles are orthogonal 
to three surfaces, they '.viil be orthogonal to an infinity of them ; that these 
surfaces form part of a triply orthogonal system whose other two families are 
composed of the envelopes of spheres and that they are intimately connected 
with the theory of deformation ; second, that in order to find all the trajectory 
surfaces when one (A) i& determined, it is necessary to know a function Z on 
(jI) which satisfies the partial differential equation, 

d'Z ^^dH dZ 1 dH^ dZ 

dpdp^ ~ II dp 5p| //j 5/)j dp ' 

where the linear element of the surface is denoted by 

iW = H^df^ Jr H\dp\, 

and that this equation is integrable at once when the lines of curvature for (^1) 
are geodesic circles ; third, that, in the special case, when the circles lie in the 
tangent plane of a given surface and have all the same constant radius, the 
surfaces orthogonal to these circles are all applicable upon a surface (^) which is 
itself applicable upon a pseudosphere ; fourth, that if a system of curves are 
normal to family of surfaces that form part of an orthogonal system, the osculat- 
ing eirdes of those curves will be normal to a family of surfaces that belongs 
to a cyclic system. 

5, Proofs of these theorems were worked out ten years later by L, Bianchi ^'' *'■ 
89, m, 93, w j^ ^ series of elaborate treatises, but during these ten years the transforma- 
tion theory itself was formally established, by means of which all pseudospherical 
surfaces may be obtained by quadrature alone when one is known. Bianchi ^' ^^ 
gave the first conception of the theory in 1879 and published a more concise 
statement of his results in 1880. He regarded a pseudospherical surface as one 
of the nappes of the evolute of an unknown W-surface and proved that the 
second nappe, which he called the "complementary surface," may be one of an 
infinity of surfaces, each corresponding to a family of geodesic lines on the first 
nappe. 

From the theorems of Weingarten and Beltrami he knew that the tangents 

* Page 59. 
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common to tbe two mppes ton,h them along geode^K, Iinci tint both nippes 
lie devplopil If into ■^utf'w.e of rotation and that eithei is the locus of the 
centeifi of geodesic Lur\ature of the orthogonil trajectoriei of the geodesic bnes 
on the othei to which the normah of the in\olute surface aie tangent Choos 
mg then i family of ^eodesio lines on the fii&t nippe thit became meiidian 
cuives when the smface is deformed into one of lotation be obtained the second 
nippe by the following lule On each tangent to the geodesies of a system on 
the first nippe S cut off a poition equal to the iidius of geodesic cuivatuie of 
the tiajectory oithogonil to the geodesic at thit point The locus of the new 
cxtiemes IS the siufice S c implementar^ to "s 

'since eveij suiface of constant Deffat!\e cuivatuie possesses thiee diffeient 
kinds of systems of geotlesic lines those that go out fiom i leal finite point, 
those that go out fiora a point it infinitj and those tint go out fiom m imag 
inary point Bimchi discoveied that the suiface complementai> to a pseudo 
spheiical surfice i& applicable upon a lotation surface ot one of three ditfeient 
forms depending upon which kind of geodesic Imetj lie selected on the iigmal 
suiface 

He wiote down the equations of the lolation between the ndii of ciimture 
of the in\ jlute surface of surfices of Liu\atuie — 1/ ( foi the thiee c\ es is 
thfcj weie ^nen h\ Bcltianii 

! 4- c 
^, — i?,= ataiib ^-, 

R,- Ii^ = a ctnh — -- . 

Substituting these values in Weingarten's formula for the linear element of 
the second nappe, 

dSl = dlt\ + e-^^'"'^dv\ 
he found the three corresponding expressions for the linear element to be 



d8l = dli\-^e--''^i"-cU, 



In regard to the profile curve he found that, although the equation of s is 
always the same 

■4 = a\ log tan ^j + cos i^ 1 , 
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where <|> is the obtuse angle between the axis of rotation s = a constant and the 
tangent to a meridan curve at any point, the equation for r, the radius of a 
parallel circle, is 



l/l - a'k' 



where ^ =—0 for the three surfaces respectively. 

These results led him to announce the theorem that " a sui-face complementary 
to a surface of constant negative curvature with respect to a system of geodesic 
lines which go out from a point on the surface is developable upon a rotation 
surface which lias for its axis the asymptote and for its meridian curve, a cur- 
tailed tractrix, the ordinary one or an elongated one, according as the point of 
intersection is finite and real, at infinity, imaginary." " The first named 
curve," he said, "is none other than the orthogonal projection of the tractrix 
upon a plane which goes through the asymptote. On the other hand, the last 
named curve has the tractrix for its orthogonal projection." 

He further observed that the deformed parallels of the surface of rotation upon 
which the complementary surface is applicable correspond to the deformed parallels 
of the surface of rotation into which the original surface is developable. He 
proceeded to find the equations for surfaces other than surfaces of rotation that 
are complementary to a pseudosphere with respect to a family of geodesic lines 
of each of the three kinds, and having found these equations he showed that the 
corresponding surfaces are applicable upon one of the three kinds of surfaces of 
rotation. Bianchi"^ also extended the application of this theorem to helicoidal 
surfaces, and found that there are also three kinds of helicoidal surfaces com- 
plementary to a pseud ospherical helicoid corresponding to the three kinds of geo- 
desic lines with reference to which they may be developed. 

Since the surface complementary to a pseudospherical surface with respect to 
a system of geodesic lines going out from a point at infinity is developable upon 
a pseudosphere and has the same curvature as the original surface, and since there 
are oo' systems of this sort on a surface of constant negative curvature, Bianchi 
remarked that from a pseudospherical surface S, an infinite number of new 
surfaces S^ of the same curvature may be derived, and that from each surface 
S„ an infinite number of new surfaces S^, also with the same curvature, may be 
obtained in the same way as S^ is obtained from S^, provided that a family of 
geodesic lines on S^ are known, and so on. 

6. From Bianchi 's surface that is complementary to a pseudospherical surface 
with reference to a family of geodesic lines going out from a point at infinity, 
Kuen, in 1879, derived by the repetition of Bianchi's operation the equations for 
a new pseudospherical surface which he classified as an Enneper surface. The 
paper in which Kuen^^ announced these results was referred to on page 26, 

In the same year Lie"''^^ developed Bianchi's theorem further. In a paper 
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pnblislied in the Archiv for Matliematik und Natur videnskab lie 
introduced a method for finding by means of a quadrature alone the geodesic 
lines of the surface of centers of a TF'-aurface, and especially for the case when 
the surface of centers is composed of pseud osphei-es, " This problem for deter- 
mining the geodesic lines," he observed, "is equivalent to determining the lines 
of curvature on the T'F-surface," 

He supposed the TK-surface to be referred to a system of curvilinear coordi- 
nates {x, y) and expressed one of its principal radii of curvature S^ at a point 
and the eoi5rdinates x^,y^, z^ of a point on the corresponding nappe S^ of its evo- 
lute surface as functions of these parameters. He wrote the expression for the 
linear element on the nappe S^ referred to a family of geodesic lines and their 
orthogonal trajectories as parameters and of curvature — l/«^ in the usual form 

From this he derived the equation for the geodesic lines 



dv = e-«"" V{ds\- dUl ) = e-^i"' Vdxl + dy\ + dz\ - dR\ 
and observed that the quantity under the sign of the radical is of the form 

where A'md l^iie functions of r and y only, so that he could at once obtain 
the integial of the equation containing an arbitrary constant. Therefore, if he 
had given a suitace >S^ with ciuvituie — IjaJ', he could bring its linear element 
in ao^ ways into the foim 

d,s\ = dli\ + e^^^'''dv^ * 

referred to a family of geodesic lines going out from a point at infinity and their 
orthogonal trajectories, and considering this surface as the first nappe of a sur- 
face of centers he could derive an involute surface corresponding to one of those 
infinite systems of geodesic lines. From this involute surface he could obtain 
a second nappe 8^ of a surface of centers and by the method just given deter- 
mine on it a family of geodesic lines and write its linear element in the form 

dsl - ^^2 + e-^'"(^u\ 
A repetition with respect to S^ of the operations performed on S-^ would then 
enable him to obtain a new set of surfaces S^ and by the successive application 
of this same process he could derive oo " surfaces all with the same constant 
negative curvature — l/a\ In actual practice he remarked "it is possible to 
go directly from one nappe to a second without stopping to obtain the involute 
surface." 

It may here be remarked that several years later in 1888 Weingarten"" 
developed another method for finding the lines of curvature on a TF-surface and 

* Page 12. 
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consequently tlie corresponding geodesic lines on its surface of centers, which, 
according to Darboux,'"^"*, is "more precise but leas direct " than that of 

After having developed this method for determining the geodesic lines of a 
pseudospherical surface Lie next called attention to a method for transforming 
one surface into another that had been discovered by Bonnet many years before. 

Bonnet^'^'p*™ had shown that every surface of constant mean curvature is 
applicable upon an infinite niunber of surfaces of the same sort and that such 
a surface is parallel to a surface of constant total curvature and obtainable 
from it by dilatation. Lie suggested therefore that if a parallel surface be 
derived from a pseudospherical surface and transformed into an infinity of new 
surfaces with constant mean curvature and each of these in its turn be trans- 
formed back into a pseudospherical surface, the result will be the same as if 
Bianchi's operation had been performed upon the original surface of constant 
negative curvature. 

He showed moreover that the asymptotic curves of a surface of constant curva^ 
ture may be found by a simple integration and that they correspond to the 
minimal lines of a parallel sui'face, a theorem which furnished the means of 
obtaining the equation of transformation as it is given by Darboux.* 

Lie used for the linear element of the surface referred to its lines of curvature 
M = a constant and o = a constant the expression due to Weingarten ^"f 

and for the asymptotic lines of the surface u^ — a, constant, and v\ = a constant 
the corresponding expression 



This last equation he saw is integrablc if 



( L-~eonatact), 



The general integral of this equation is 

^-' - Air- + LA'\ 
and the total curvature of the corresponding surface is constant for 

Jx^Jx^ = La (Bi, JJj^prineipal radii of curvature), 
while a singular integi'al is 
•DAEBouXi'ssgTTS. 
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and the mean curvature of the corresponding surface is constant for 

.^ — ^-^=0 (^1, flj^ principal radii of curvature). 

He did not prove his theorem in detail nor give the equations of transformation 
deduced from Bonnet's theorem, but Darboux, "^'. ^'" in his celebrated work con- 
cerning surfaces, gives a simple proof for the correspondence between the asymp- 
totic lines on the surface with constant curvature and the minimal lines on the 
surface with constant mean curvature and, then, denoting the linear element on 
the first surface referred to its asymptotic hues as parameters by 

d^ = dx' + 2 cos wdadl3 + d^^ 

and the linear element of a parallel minimal surface referred to its minimal hnea 
as parameters by 

ds^ = ie'"dad^, 

where 2m is the angle between the asymptotic lines and also the angle between the 
minimal lines, he pointed out that, when either surface is transformed into a new 
surface of the same kind, the equations of ti'ansformation will be 

n{,,/3)_«(|,o/3), 

where 2Ii is the angle between the asymptotic lines of the new surface with con- 
stant curvature or the angle between the minimal lines of the new surface with 
constant mean curvature and « is a constant. 

The next year Lie^^ raised the question whether the surfaces obtainable from 
one that is known by Bianchi's method of transformation are all distinct from 
each other or whether a finite number of them are coincident, or as he expressed 
it, "whether those surfaces of constant curvature 1/tt^ which are derived by 
the infinitely repeated successive application of Bianchi's operation from one 
that is given, must satisfy still other differential equations beside the equation 

H~s'_ _ 1 

He answered this question in the negative and his method of proving his answer- 
correct applies to surfaces of constant positive curvature as well as to those of 
constant negative curvature. 

He began his demonstration by writing down the equations which represent 
known characteristic properties of the nappes of an evolute surface with con- 
stant negative curvature 
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p{x - ajj) + q(y - y^) - (»- ^^ = , 
p^{x - X^) -\.q^{y-y^)~ (z ~ »,) = , 

f i" + ?i? + 1 =^ 1 

where (x, y, 3,p, q) and (x^, y^, Spj?,, q-^) determine an element on the first 
and second nappes respectively. 

The first equation shows that the distance between corresponding points on 
the nappes is constant, the last three, that tangent planes to the nappes at cor- 
responding points meet at right angles along a common tangential line. In this 
way he showed, as Backlund *' remarked, that the surface on whose tangent 
planes lie the circles with constant radius of a Ribaueour cyclic system and the 
family of surfaces normal to the circles are identical respectively with Bianchi's 
initial surface and the infinite number of its complementary surfaces, for these 
equations express analytically the fact that a system of surfaces. 

are orthogonal at the point {x, / ) to » fimdy of cirtlLS with constant radius 
a and with their centers lying on the hues of curvituie of a surface 

=/( y) 

Lie called his initial system of eqniti>ns the equations of transformation, 
and since he had four of them fi jm which to eliminate the fi\e variables, he saw 
that to every element (ic, y^ s,p, q) there coiie'sponda in infinity of elements 
(x^, y^, z^, p^, q,), so that to the oo elemental that gj to make up the original 
surface there corresponds co' new elements, ind he pio\ed that these cc' new 
elements can form oo^ surfaces when the curviture is constant* B^ applying 
his equations for transformation he wis thus able to obtain oo^ surfaces ^j from 
one surface i^and from these diiivcd surfaces <p^, co new surfaces i^ , among 
which may be the first surface i^. By repeating successively this opeiition he 
finally obtained Xi^'" surfaces F and 00""'+' surtices (fi, for the suifaues of the 
one class are finitely distinct from those of the other, but he hid still to decide 
whether he could derive all the pseudospherical suifitei in this wa^v, 01 onlj a 
limited number of them. 

Reconsidered two surf aces, i^ and F-^, which differ so little that the one may 
be deformed into the other by an infinitesimal transformation. By carefully 
working out the equations for this infinitesimal transformation he found three 
different equations for Sp and Bq, the increments of p and y, for detenuining 
the way in which an element x, y, z,p, q passes into its next adjacent position. 
He then assumed that this element could not go over into all the new elements 

* Ct. page 65. 
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but only into a certain number of them which form a locus defined by the equation 

He saw that this loeus must be defoi-med into itself by the same operations 
which transform the elements infiniteeimally and that, therefore, it must satisfy 
three equations of condition, one eon-esponding to each of the three different 
pairs of value of hp and hq . But from these same equations of condition he 
found that the partial derivatives of the first order of f witli respect to eacli of 
the five variables vanish independently, that consequently the locus f cannot 
exist, but that each element passes over in all the new elements and the given 
surface is deformed by the equations of transformation into co^ new surfaces. 

In like manner he found that the given surface can satisfy no partial differen- 
tial equation of the second or third order and accordingly may be transformed 
into co° or oo^ new surfaces, but he could not arrive at any general result by 
this method. He""' next turned to the consideration of a strip on the given 
surface formed by an aggregation of successive elements and, therefore, trans- 
formable into 00^ new strips. He pi'oved by the actual application of the 
equations for a Bianchi transformation that, if the curve C, formed by the 
points of all the surface elements along a strip is an asymptotic curve it may be 
deformed into co^ new asymptotic curves K, that the arc leugtli of each new 
curve -ff'is equal to the corresponding aa'o length o£ Cand that the curvature 
l/i?i of each new curve is related to the curvature IjR of C by the equation 

li-ii-^''"- 

wliere v is the angle that a line joining a point on the one curve to a corre- 
sponding point on the other curve makes with the tangent to either curve at the 
point where the curve is met fay the line. He derived co' new asymptotic 
curves C^ from the curves K; by a third repetition of the operation he obtained 
oo' new curves K^ and so on, so that the problem as in the ease of surfaces 
resolves itself into the question, is there any limit to the number of asymptotic 
curves that are thus derived? Eeasoning in the same way as for the infinitesi- 
mal transformation of surfaces, he found that the number of asymptotic curves 
that can be derived from one that is known will be rediiced, only, if these derived 
curves can satisfy an ordinary differential equation. Denoting ajM by « and 
aj H^ by v^ he wrote the equation connecting these values in the form 

B = Dj — 2 sin V 
and the equation for v in the form 
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He then proved that such an equation as 

/(.,,•) = » (---S) 

cannot exist, so that any asymptotic curve corresponding to i! = a constant can 
be transformed into at least oo' new asymptotic curves. He proved that there 
is no relation between v and its derivatives of the second or third order with 
respect to s nor, indeed, between v and its derivatives of any order for on 
account of the form of the equations for the increment of v, Bv and Bv^ he could 
write down by analogy the equation for St;" and then show that the one for 
g^,i + i jg exactly similar. He thus showed that there is no limit to the number 
of asymptotic lines that can be obtained from a given one by the equations of 
transformation. 

He then turned back to the case of the surfaces and, by means of his new 
results, increased the number of surfaces that can be derived from a known one 
which passes through two intersecting asymptotic curves from oo* to co" thus 
establishing his theorem.* 

Lie proved that there is not only a correspondence between the asymptotic 
lines on a transformed surface with those on the initial surface but also one 
between their lines of curvature, for since, according to Dini's discovery, the 
asymptotic lines of a surface divide it into lozenges, a net-work of lozenges on 
one surface S is transformable into a net-work of lozenges on each of the derived 
surfaces, and the lines of curvature which are their diagonals pass over into 
lines of curvature. 

During these same years from 1879 to 1882 while Bianchi and Lie were 
making their important investigations on the method of obtaining new surfaces, 
of constant curvature from a given one, Biicklnnd ™' '" was publishing the results 
of his studies on the transformation of surfaces in successive volumes of the 
Mathematische Annalen and the discoveries of Bianchi and Lie were made 
just at a time when Backlund could use them as examples to illustrate his 
theorems. 

Among other propositions Biicklund^" considered the question whether two 
surfaces may be transformed into each other when the relation between them is 
of such a nature that it is defined by four arbitrary partial differential equations 
of the first order. 

He denoted the two surfaces by 

s=0(a;,)/) and z ^/{x, y), 

and using p, <l,T, s, t to denote the partial derivatives of the first and second 
order of « with respect to x and y as is customary, and^', q, r', s' , t' to denote 
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the partial derivatives of the first and second order of s' with 
y' he wrote the four partial differential equations in the form 

F,( ) = 0. 

-P.{ ) = «■ 

F,( ) = 0. 

He then proceeded to find under what condition the surface whose equation ia 

2 = 0(3;, y) 

may be transformed into the surface whose equation is 

by means of these equations, he first substituted in the equations i*' = and 
i^3 = the values of » , ^j , g expressed as functions of x and y . He then solved 
the i-esuiting equations for a: and y expressing them in terms of the accented 
variables only. By means of these results he could, by making the proper 
substitutions, reduce the last two equations 

_p; = aud i^, = 

to equations containing a;', y' ■, z', ^/, q' only, in which case he denoted them by 

F', = aiidF'^^l). 

He could then obtain the function z' by means of these equations provided that 
they are compatible. The equation of condition which must be satisfied by z' 
when the two equations 

i^ = , i'"'; = 

are compatible may be obtained by first taking the total derivatives of each of 
these equations, which are also equal to zero, then solving the resulting equations 
for dp' and dq' so that 



bf; BF', 

dq' ' 5j)' 

dF[ dF_[ 
dq' ' dp' 



5F'^ 



' Uq' = 

CI' I ■' 



aw; ,dF\ of; 

'dx' +^' &"■ 'dg^ 

sF[ ,dF; dF; 


&■ + 


dF-, ,dF; dF; 

dF', ,SF', dFl 
dx' ■''■'' dz • dj/ 


dx' + 



dF'^ ,dF; OF'^' 
dy' " 8z' ' dq' 



dz ' dq 



^ dz' ' aj/ 

dF'^ ,dF'^ dF', 



dy' 



dy' 



and finally setting the coefficient of dy in the first of these last equations equal 
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to the coefficient of dx' in the second equation from which results the equation 

/i!j[;\ a^_ /iFjN a^ /dj!^\di>",_/dP[\aF; 

where 



/i!j[;\ a^_ /iFjN a^ /dF;\dF[ 

\ dx' J dp' \ dx' J dp' \ dy' ) dq 



1F'.\ dF'. ,dF'. 



\dx'-) 



dx' ^' dz' 



.dF'. 




,^P', 


' -dp' 


+ s 


{i = 3, 4). 


,BF'. 




,dF', 


'W 


+ ( 


d,' 


\KK 


IS-, 


= and when instead 



\dy' )-~dY^'^ ~dz' 

Tliia equation he represented by the bracket \_F'^F[']%^j,,= 

of F'^ and F[ he introduced their equivalent values in terms of the unaccented 

variable the equation became 

IF'.F'A- iF,F,],,, + •'§; [.i^] + f^[.J^] +5[i^x] 

or finally 

[F;i?;] - (34) [i?i?],,.y+ (42) [J? J?],,y+ (23) [i?i?,]„,, 

+ (12) [i?,P.]„,, + (13) [F,FJ„, + (14) [i'.J?,].,,,. - 0, 



(mn). 



[-dx) {dy )-\-df) {-d^} '"'"'-' 



He had, therefore, three equations 

F; = 0, F[^0, [F'^F'^] = 0, 

containing the accented variables only, which will determine a surface z' =f{x', y') 
and only one surfaee, provided that these equations are in involution, a condition 
which he represented in the usual manner by the equations 

He moreover showed that the function k' ^=f[x', y') will satisfy two partial 
differential equations of the third order obtained by eliminating x, y', z', p', q 
from the four equations of transformation and from the equations of condition 
[-F'ji''^] = 0. He remarked that an exception to this theorem occurs when 
z does not appear in the equation 

and that then oo' surfaces 2' =y(^',5/') will correspond to one surface 2= 0(a;,y), 

*3'i'y -^vritten after tbe brEcket- signiSes that F^ is diSeren tinted witb respect to tbe 
aceeQted variables oclj- 
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for, in that case, instead of two partial difEerential equations of the third order 
for a there will be one single partial differential equation of the second order, 
and if an integral of this equation be substituted for s in the equation of trans- 
formation, tlie quantities x' , y' -ip', $■' oan be expressed in terms of x, i/, z ao that 
the function %' will be determined by an equation of the form 

dz = A{^x, y, z')dx + B(x, y, z' )dy. 

The integral of this last equation will contain an arbitrary constant which proves 
the theorem that there are oo' surfa«es a' =J'(^x', y ) corresponding to one sur- 
face % — 0(a;, 1/). 

Backlund" saw that a surface transformation of this nature occurs in Bianchi's 
problem for deriving a surface complementary to a known surface of constant 
negative curvature. He considered the two surfaces defined by 

8 = <(,(x,,,) .'=/(x,!,') 

as the two nappes of the evolute surface whose radii of curvature are connected 
by the relation 

The two relations existing between the two nappes, that tlie distance between 
corresponding points is a constant a and that their tangent planes at correspond- 
ing points must meet at a right angle along the common tangent, gave him his 
four equations of transformation 

7?, - J,(x' -«,) + 5(/ -;,)-(=■- 8) =0 

F, - 1 + yj)' + to' - 

and his equation of condition took the foim 

since the expressiom [f;i^,],,,y, [-^,^J.^y, [•fi-f's]^'.'^ [-^i-^4]=V„' ^ 
become equal to zero. He saw from this equation and from a similar one for a, 
since tlie equations of transformation are symmetrical with respect to the 
accented and unaccented variables, that both surfaces are of constant negative 
curvature — l'«" and that since %' does not appear in the equation of condition 
that there correspond an infinity of surfaces 'J =.f{x' ^ y") to every surface 
% = ^{x,y). 

In 1884 Biicklund'^ wrote an important paper that deals exclusively with 
pseudo spherical surfaces. In this paper, published in the Lund's Uni- 
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veraitets Arsskrift and entitled " Concerning Surfaces witli Constant Nega- 
tive Curvature," he first reviewed the contributions made to the theory of the 
transformation of the pseudosphencal surfaces by Bianchi, liibaueour and Lie, 
pointing out the close connection between the theories of Bianchi and those of 
Eibaucour, he then extended Bianchi's theorem to fit a more general case, namely, 
when the given surface and the denved surface are not the nappes of an evolute 
surface but are si> related to each other that planes tangent to them at coiie- 
sponding points cut each other at a constant angle, but not at right angles, and 
the distance between two corresponding points U constant. He expressed this 
condition by leaving the first three equations of transformation unaltercil and 
writing jf ^ = in the form 



where IC is the cosine of the angle formed by the two tangent planes and is a 
constant. 

He then found that the equation for z beeomca 

rt — s^ ~ — — j (1 +2)^ + q-y, 

and that a like one exists for a' , so that in the genei'al case also both surfaces 
have constant negative curvature. By putting for {\ -- K^)ja^ a constant 
Ijn-^ and letting a and ^vary, he obtained an infinity of equations of transfor- 
mation for surfaces only whose curvature is — Ijin^ and in particular those for 
Bianchi's complementary transformation when K^= and in = a. 

He made a complete study of this general method of transformation, J'irst 
he remarked that the set of equations 

determine a curve on the surface together with the direction of the tangent plane 
to the surface along that curve for successive values of x, that is, they determine 
a strip of the surface. Then recalling Cauchy's theories he observed that if x, y 
and s are the coordinates of an arbitrary point in the strip and x^, y^, z^ the coordi- 
nates of its initial point, a surface passing through this strip and satisfying a 
known differential equation may be defined by a convergent Taylor's series in 
terms of {x — iCu), {y — y^) nhere the singuLir points of the surface are not con- 
sidered, thus 

+ .... 
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For tlie surfat;es under discussion he obtainer! the values of the coefficients )•, s, 
etc., from the equations 

d'p = rdx + SI"'?/, dq = sdx + td>j , 

'■i-s^=--,(l+/ + '/f, 

so that ( in determined by the equation 



dpdx + dqdy 

In general only one surface can be found passing through the strip, but when 
the value of f is hi determinate, that is, when 

dpdr + dqdy = and '/(/" — 3 ( 1 + i->^ + 2^ )^ dx^ = , 

Eacklund saw that there are an infinity of sui'fafies having contact of the first 
order along the lines defined by those equations and that these lines are the 
characteristic curves of the integral surface. Since, the first of these equations 
shows that each curve may have for its plane of osculation at every point the 
tangent plane to the surface on which it lies at that point and the second equa^ 
tion shows that the torsion of the curve is constant, Baeldund thus proved that 
the characteristic curves of siu'faces of negative constant curvature are asymptotic 
curves. 

He, then, demonstrated geometrically that the guiding curve of every strip /■', 
derived from a strip }• on the original surface S, by means of the set of equations 
of ti insfoimition satisfies 1 piitiai differential equation of the Eiccati type md 
that consequently eieiy strip r corresponds to a sohition of such an equation 

This hnal lesul'- maj then be stated as follows If the suiface S is known all 
the auiface^i S may be deiived frjm it, foi eveiy stiip t on S passes ovei into 
•ui infinity of stiips t one on each auiface S by means of the equations of 
transfoimation theiefoie each derived sitrfate S conesponds to the solution of 
a Eircati equation and when one such surface is deteiniined, all the othois ma^ 
be found li> quadiatuie alone since that is the only opeiation lequiied to obtain 
all the solutions of a Riccati equation when one is known. Backlund has proved 
geometrically that the asymptotic curves on the new surfaces S' are the deformed 
asymptotic curves of the original surface S and that they also satisfy an equation 
of the Riccati form. 

Ill 1883 and 1884, Bianchi ^ ^' '"' ^' ^^ published his investigations of Ribau- 
eour's propositions concerning a system of surfaces which have a family of oo^ 
circles for their orthogonal trajectories, Eacklund '" liad already observed that, 
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when the circles all have the same constant radius and lie in the tangent planes of 
a known surface, this known surface and the surfaces orthogonal to the circles are 
identical with a pseudosphere and the oo' surfaces derived from it by means of 
a complementary transformation with respect to a family of geodesic lines on it 
that go out from a point at infinity. Bianchi gave an exact proof of the iden- 
tity of the two families of surfaces by establishing the theorem that a surface 
orthogonal to a family of co^ circles, can be regarded as the nappe of the evolute 
surface of a W-am?ia,ce, provided that the line of intersection of the plane of 
every circle with the planes tangent to the orthogonal surface at its point of con- 
tact with that circle envelopes geodesic lines on the surface and by showing that 
those enveloped curves are geodesic lines when the radius of the circles is always 
the same. Bianehi's construction of a cyclic system of surfaces is as follows : 

Let Sj* be a surface orthogonal to a family of circles. Let these circles lie 
on the tangent planes of a second surface S^, and let the points of tangency of 
those planes with the surface S^ be the centers of the circles. Let u — a, con- 
stant and V = a, constant denote the lines of curvature of the surface S^ and let 
6 be the angle that a radius of the circle, mn, drawn to meet an orthogonal 
surface S^ at m makes at its center n with the line of curvature d = a constant 
passing through that point. The radius of the circle mn being tangent to the 
orthogonal surface S^ must lie in the tangent plane at m and is the line of inter- 
section of the plane of the circle with the corresponding tangent plane of the 
orthogonal sui'face 5, . Let u' and v' be the lines of curvature of iS, . Let <{i 
be the angle which this line of intersection makes with the tangent to the line 
of curvature of iSj , f)' = a constant, at the point of contact m. When the sur- 
face S^ is regarded as hnown, each orthogonal surface S^ corresponds to a value 
of 0. When an orthogonal surface S, is regarded as known, each circle is 
determined by its radius and the value of <J3 to which it corresponds. 

Bianchi ** denoted by ^ = a constant, the curves on the orthogonal surface S^ 
which are the orthogonal trajectories of the curves on that surface that are 
enveloped by the lines of intersection of the planes of the circles with the corre- 
sponding tangent planes of the surface S^. When the linear element of this 
surface S^ referred to its lines of curvature as parameters assumes the form 

dSl = Edu^ + Gdv% 

he showed that 4" must be a solution of the differential equation 

5'0_5*a* 1 d\/B d^ 1 d\/0 d^ 
dudv ~ dit dv ^/^ dv dti V G ^'''' ^' 
which, if log Z is written in place of $ , reduces to an equation for Z identical 
with that given by Eibaucour. 

*DaKBoux,i58^ 804; Bianchi,'™^ 179. 



y Google 



68 E. M. CODDINGTON. 

He also proved Ribaucour's statement, that it is necessary to be able to 
integi'ate this equation in order to find all the cyclical systems of which the sur- 
face Sj^ forms a part, for he derived for H and i^, the functions by which a 
circle is determined, the following expressions 

-n.,= A,*,* cos6 = -ff — —--,-■> sinrh^Ji— 5-, 

T{' ' ' ^ yjSdu ^ ^Q do 

which can be found when the surface S^ and a value of (f> are known. 

From his equations for expressing the condition that the circles are orthogonal 
to a surface Sy , Bianehi was able to show that when the circles have ail the 
same constant radius S, the surface S^ as well as the surface S^, on whose 
tangent planes the circles lie, will both have constant negative curvature 
— Ijlf^. In that case he saw that 

Aj 4" = a constant, 

or that "!> = a constant are geodesic parallel circles and that the curves enveloped 
by the lines of intersection of the planes of the circles with the corresponding 
tangent planes of the orthogonal surface S^ and which are the orthogonal tra- 
jectories of "I* ^= a constant will be geodesic lines. Moreover, he found that 
the geodesic curvature, 1/p, of the curves 3> = a constant is equal to Ij H so 
that when R is constant they are the deformed horicycles of tlie pseudosphere 
on which the surface 8^ of curvature — IjM^ is applicable. The fact that the 
curves on the surface S^ that are enveloped by the lines of intersection of the 
planes of the circles with the corresponding tangent planes to the surface S^ are 
geodesic lines was the only condition Beltrami required in order to prove that 
the surfaces S^ and S^ form the nappes of an evolute surface, for these lines of 
intersection, being tangent to the surface 8^ along geodesic lines, may be regai-ded 
as the rays of a normal congruence of which the surfaces Sy and 8.^ are the 
focal surfaces. 

It is not necessary to give in detail the equations and theorems by means of 
which Bianehi proved Ribaucour's propositions, that if a system of co ^ circles 
are orthogonal to three surfaces they will be orthogonal to co ' surfaces and the 
theorems relating to the triply orthogonal systems to which these surfaces 
belong, but it is important to consider a proof given by Darboux^" in 1883 for 
the estahlisbment of the theorem regarding the existence of this triply ortho- 
gonal system, for in that connection Darboux ^^'' "■ ^^^ developed for the first 
time the now well known set of equations for performing a complementary trans- 
formation. He regarded as known the surface 8^ of curvature ~ 1 on whose 
tangent planes lie the circles of the system. He chose the lines of curvature 
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of this surface for its lines of reference and wrote the linear element in the form 

ds^ — cos^ mdu^ + sin^ codv^, 
where oi satisiies the characteristic equation 

TT-^ iT"; = sm o> cos M 

du dv 

and is half the angle between the aeymptotic curves, m -f b and u — v.* He 
referred to both Rihaucour and Eianchi, and using the notation of the latter, 
denoted by , the angle that the line v = a constant makes with the radius mn 
of a circle in a plane tangent to *S'j at m. He saw that the coordinates of n 
relative to the tetrahedron at m are 

cos^, sin^, 0, 

and expressing the condition that this line mn whose direction cosines with 
respect to the tetrahedron's axes are 

— sin 0d0 + cos todu — I j—du-\--~— ] sin ^ , 

/ d(0 Bio \ 

cos dd$ + sin ondv + I ir-d^i-\--^ dv 1 cos o . 

cos w sin dd.v — sin u cos 6du 

shoidd be perpendicular to the tangent to the circle at )(, whose direction 
cosines are 

— sin 6 , cos 6 , , 
he obtained the equation 

do) da) 

dO + ^^du^-^ dv — sin cos wdu + sin w cos Odv = , 
ov du 

and consequently the equations 

ae day ^ de dm 

i- + ^ - = sm ^ cos w , ^- 4- ^- = — eos ^ sm w , 

du dv ' dv oil 

which are consistent when the equation for <o is satisfied. 

He further observed that each solution for $ contains an arbitrary constant a 
so that there may be an infinity of siirfaces Sy He considered ^ as a function 
of u. V and a, and wrote for dO , 
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in the expressions for the displacement of m, and brought tliem to the form 
cos ^ { cos a> cos ^(7m + sin to sin Odv) — sin^ -- da, 

sin $ { cos » cos Odti + sin w sin 6dv ) + cos 6 da, 

cos w sin $dv — sin m cos 6du , 

which give for the displacements of n in space 

ds^ = cos^^(?M^ + sin^^^D^ "I" { /l~ ) da, 

a formula which demonstrates the existence of the triply orthogonal system. 
Bianehi** obtained a like set of equations for representing a Biiekluiid trans- 
formation. Employing the same expression for the linear element of the initial 
surface referred to its lines of curvature as Darboux had used, 

ds'' — cos^ mdw' + sin^ o)dv\ 

and denoting by 17 the complement of the angle between the tangent planes at 
corresponding points of this surface and a derived surface, he first wrote these 
equations in the form : 

dd dw sin ^ cos a -j- sin a- cos sin 01 

8u ~dv li cos a ' 

8$ dm cos 6 sin w + sin o- sin & cos a 

d'o da it cos (t 

and, hy using asymptotic lines on the initial surface for parameters instead of 
lines of curvature, reduced them to the simpler form 

5«j K cos (7 ^ ' 

He saw that these equations are compatible if the curvature of the initial surface 
is constant and negative, and that they form a Eiccati equation for tan 6 j'i such 
as Biicklund had obtained previously. 

Bianchi represented a Biicklund transformation by B^ and his own, or the 
complementary transformation, when o- = 0, by B„. Later he denoted a Lie 
transformation in which, retaining the previous notation, 
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by L, and wrote 

1 + sin o- 1 1 — Bin 0- 



jjg ICC, p. iei) fQunij t}iat a Backlund transformation is a combination of a Lie 
transformation and a complementarj transformation, or that 

B„ = L„B^L-\ 



where the negative exponent denotes an inverse operation. 

Backlund's idea of a constant angle, not a right angle, between the tangent 
planes at corresponding points on the two surfaces S^ and 8^ that are deformable 
into each other, apparently recalled to Bianchi's mind Kummer's treatise on ray 
systems. He^* asked himself the question, can two pseudosplierical surfaces 
developable into each other by a Backlund transformation form the two focal 
surfaces of a congruence of right lines ? 

Now Kummer has shown that if 7 denotes the angle between the tangent 
planes to the focal surfaces respectively that pass through a common ray, 

S 
sm7=^, 

where %d. is the distance between the limiting points of the ray and 2S is the dis- 
tance between its foci. Bianchi,** observing tliat when 6 and 7 are constant, d 
must be constant al'<o, considered a ray system subject to these conditions and 
let S^ and B^ denote its two focal surfaces, that \% S^ and S„ denote the two focal 
surfaces of a ray system which it characterized by the property, that the distance 
between the limiting points on every ray is equal to a constant Ji and the dis- 
tance between tlie points of intersection of every ray with the focal surfaces is 
also a constant and equal to If cos <t. where (t/2 — o") is the constant angle 
between planes tangent at corresponding points to the focal surfaces. 

He'"" took one of the focal ^urface'^ for the surface of reference and calling 
the curves on it which are enveloped by the rays, " caustics,'' chose them and 
their orthogonal trajectories for the coordinate lines v and i>. He was then 
able by meanu of Kummer's equations for the ahseissse of points on the focal 
surface and for the ahscisste of limiting points on the rays to prove, first, that 
" the inclination of the principal normal of any caustic of the focal surface 
to the tangent plane to the surface is equal to the mutual inclination of the 
tangent planes to the foeal surfaces which pass through the tangent to the 
caustic," and. second, that the two focal surfaces have their curvature constant, 
negative and equal to the reciprocal of the square of the distance o£ the limiting 
points Jf. He gave the name p'lcudospherical congruence to a ray system w hose 
focal surface? are p'seuilo'^pherical surfaces and proved that to any pseud ospherical 
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surface S^ there belongs a single infinity of pseudo spherical congruences for 
which S^ is the common focal surface. 

In order to answer his original question and demonstrate that two focal sur- 
faces of a pseudospherical congruence are developable into each other by a 
Backlund transformation, he regarded one of these surfaces S^ as known and 
defined by the equation 

— - - = cos 2w, 

where 2w = the angle between its asymptotic curves, i* = a constant and « = a 
constant, and denoted by S the angle which a ray, touching this surface at any 
point I* and going out in the direction of the other focal surface S^ which is to 
be determined, makes with a line of curvature of S^ passing through I*. He 
then proved that S^ and S^ are connected by the operations for a Backlund 
tranaforniation so that the one surface *?, may be transformed into the other 
surface S^ by this method, that the angle d has the same significance for S, as 
to has for IS^ and that the lineai" element of S^ may be written 

ds' = sin' Odu' + cos^ Odv^ , 

when referred to its lines of cui'vature. 

This theorem enabled him to construct a geometrical method of performing 
Backlund's transformation analogous to his own early method for deriving a 
complementary surface from one arbitrarily chosen, for, he had only to select on 
a pseudospherical surface of any curvature — IfS^ a family of curves whose 
principal normals make a constant angle (7r/2 — o") with the tangent planes to 
the surface and cut off on the tangents to these curves a constant length equal 
to H cos 17, then the locus of the extremes will be the required surface.* 

As a special illustration of a Backlund transformation, he investigated the case 
when the surface derived by that method from a known surface degenerates into 
a straight line. Representing the linear element on the derived surface referred 
to its lines of curvature by 

ils^ = sin^ 0du^ + cos^ $dv'^ , 
he expi'essed the condition for a straight line by putting 
sin ^ = or cos ^ = 0, 
and using the first expression, rediiced his former equations of transformation to 

dm sin (0 da) tan o- sin a> 

du ~ lioosa-' dv ^ H 

whose common solution is 
* Page 47, 
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